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Motivation: Some �Facts"

Modern (model�based) control theory is not providing solutions to new practical
control problems

Prevailing trend in applications: data�based �solutions"

Neural networks, fuzzy controllers, etc

They might work but we will not understand why/when

New applications are truly multidomain

There is some structure hidden in �complex systems"

Revealed through physical laws

Pattern of interconnection is more important than detail
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Why?

Control design problems traditionally approached adopting a signal�processing
viewpoint.

Objectives: keep some error signals small and reduce the effect of certain
disturbance inputs in spite of unmodeled dynamics.

Discriminated via �ltering .

Very successful for linear time�invariant (LTI) systems

Impossible in nonlinear case:

far from obvious computations,

nonlinear systems �mix" the frequencies.
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Prevailing Approach in Control Theory

�Crank�up" the gain to quench the (large set of) undesirable signals...often impractical!:

Intrinsically conservative

ampli�es noise

energy consumption...

How to incorporate prior structural information?

Our inability is inherent to the signal�processing viewpoi nt.

Attempts for a monolithic theory doomed to failure.
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Proposal

Reconcile modelling with, and incorporate energy information into, control design.

HOW?
Propose models that capture main physical ingredients:

energy,

dissipation and

interconnection

Attain classical control objectives (stability, performance) as by�products of:

energy�shaping,

interconnection and

damping assignment.

Confront, via experimentation, the proposal with current practice.
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cont’d

To incorporate energy principles in control

adopt a control�as�interconnection framework

view dynamical systems (plant and controller) as energy�transformation
devices interconnected to achieve desired behaviour.

Consider physical systems, i.e., that satisfy energy�conservation .

Control problem is to assign a desired energy function.

cΣ
-

+

-

+ Σu c

yc y

uΣ I
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Layout

1. Context and classi�cation of PBC

2. Energy balancing control and control by interconnection

Dissipation obstacle

Invariant function method

3. Standard PBC

4. Interconnection and damping assignment PBC

Role of interconnection

Downward compatibility with EB�PBC

Universal stabilization property

5. Power shaping of RLC circuits

Power balance inequality and new passivity property

A framework for reactive power compensation

6. Conclusions and outlook
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1. Context and Classi�cation of PBC

Objective in PBC:

render the system passive with some desired storage (energy) function.

Classi�cation of PBC

Energy balancing control and control by interconnection
total energy = (energy of the open�loop) - (energy extracted from the
environment)

�Standard" PBC
�x a priori desired storage function () asymptotic systems inversion)
destroys physical structure

IDA�PBC
Fix the structure (Lagrangian or Hamiltonian) and characterize assignable
energy functions (, solving a PDE.)
Parameterized by two (free) matrices (related to physics).

Power shaping PBC
Instead of energy shaping.
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Advantages and Applications of PBC

Advantages of energy�shaping (over nonlinearity cancellation and high gain) a

Handle on performance, not just stability

Respect, and effectively exploit, the structure of the system to

incorporate physical knowledge,

provide physical interpretations to the control action.

Energy serves as a lingua franca to communicate with practitioners.

There’s a clear geometrical characterization of passi�able systems
(Byrnes/Isidori/Willems,’91)

Applications of PBC

mass�balance systems, electrical motors, magnetic levitation systems, power
systems, power converters, underwater vehicles, (air)spacecrafts and
underactuated mechanical systems.

a
Euphemistically called �nonlinearity domination�.
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Energy Shaping Applications

Transient Performance of the Ball and Beam

Steep energy function ) quick response but bad transient ~

�Wider" energy function ) slower response without overshoot transient ~

No regulation of transient excursions ) ball gets off the bar ~

Limiting level sets ) ball remains in the bar ~

Vertical Take�off and Landing Aircraft

Providing tuning knobs to decide a maneuver ~

Orbital Stabilization of Passive Walking Robot

Problem cannot be posed in terms of tracking, a natural approach is to regulate
the kinetic�potential energy exchange ~

‘Achieved assigning an energy function like a "Mexican sombrero" ~
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Control by Interconnection in Teleoperation

Two mechanical systems, a human�controlled master and a teleoperated slave

Objectives:

The slave follows the masters position, qs(t) ! qm(t), and

the master �feels" the slaves force, Fm(t) ! Fs(t) as it interacts with
environment.
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cont’d

Instability arises due to the transmission delays.

Passivity�based solution (Anderson and Spong, ’89)

Assume operator and environment are passive, i.e.,

¡

Z t

0
F (¿) _q(¿)d¿ • M;

transform the transmission delays into a transmission line, which is also
passive!

interconnection of passive systems is stable.
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2. Energy Balancing Control

De�nition
We say that the m�port system

_x = f(x) + g(x)u

y = ŷ(x);

with state x 2 R
n, and power port variables u; y 2 R

m, satis�es the energy balance
equation if

H[x(t)] ¡ H[x(0)]
| {z }

stored energy

=

Z t

0
u>(s)ŷ(x(s))ds

| {z }

supplied

¡ d(t)
|{z}

dissipation

where H : R
n ! R is the stored energy function and d(t) ‚ 0. If H(x) ‚ 0 then we say

that the system is

passive with port variables (u; y) and storage function H(x).
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Key Observations

For passive systems we have

¡

Z t

0
u>(s)y(s)ds • H[x(0)] < 1

† , amount of energy that can be extracted from a passive system is bounded.

With u · 0, we have H[x(t)] • H[x(0)]: Will stop in a point of minimum energy.

Control introduced to operate the system around some non�zer o equilibrium point,
say x⁄.

Rate of convergence (in principle) increased if we terminate the port with

u = ¡Kdiy; Kdi = K>
di > 0:

d(t) is non�decreasing; typically
R t

0 (¢)2ds.
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Examples: Electrical Circuits

1

1C

1
L

1C

L

u

2R

qC

ϕL

† `L is �ux, qc charge, u voltage
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cont’d

Model, with x
4
= [qC ; `L]>,

§ :

8

>><

>>:

_x1 = 1
L

x2

_x2 = ¡ 1
C

x1 ¡ R
L

x2 + u

y = 1
L

x2

Energy

H(x) =
1

2C
x2

1 +
1

2L
x2

2

Satis�es (EBE) with (u; y) =(voltage, current) and

d(t) = R

Z t

0
[
1

L
x2(s)]2ds
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Mechanical Systems

 

q2 

q1 

u 

† u is torque, q1 ball position, q2 beam angle
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cont’d

Model

m2q̃1 + m3 sin(q2) ¡ m1q1 _q2
2 = 0

(1 + m1q2
1)q̃2 + 2m1q1 _q1 _q2 + m3q1 cos(q2) = u

Energy H = 1
2

_q>M(q1) _q + m3q1 sin(q2), where

M(q1) =

2

4
m2 0

0 1 + m1q2
1

3

5

Satis�es (EBE) with (u; y) =(torque, angular velocity) and d(t) = 0.
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Electromechanical Systems

u

i

y

g

m

λ

† ‚ is �ux, y position, u voltage
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cont’d

Model (Assuming linear magnetics, i.e., ‚ = L(µ)i)

_‚ + Ri = u

mµ̃ = F ¡ mg

F =
1

2

@L

@µ
(µ)i2

Total energy:

H =
1

2

‚2

L(µ)
+

m

2
_µ2 + mgµ

Output y = i, same dissipation. Notice, however, that H is not bounded from
below!
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Power Converters

+

L
+

+
E

u=0

u=1

C
+

R

† u switch position: f0; 1g
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cont’

Model, with x
4
= [`L; qC ]>,

_x1 = ¡u
1

C
x2 + E

_x2 = u
1

L
x1 ¡

1

RC
x2

Total energy: H(x) = 1
2L

x2
1 + 1

2C
x2

2.

Attention: (u; y) = (E; x1
L

) and E is not an �Input"!
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Implications of EBE for (f; g; h) Systems

Fact
If the syst.

§ :

8

<

:

_x = f(x) + g(x)u

y = h(x)

satis�es the (EBE) with energy function H(x). Then a

@H

@x

>

(x)f(x) • 0

g>(x)
@H

@x
(x) = h(x)

aActually, iff as shown in (Hill/Moylan’76)
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Proof

Differential form of (EBE)
_H • u>y

equivalent to

@H

@x

>

(x)f(x)

| {z }

•0

+

ˆ

@H

@x

>

(x)g(x) ¡ h(x)

!

| {z }

=0

u • 0

IIT�Bombay, Summer 2005 � p.25/124



CENTRE NATIONAL 

DE LA RECHERCHE

SCIENTIFIQUE

Standard Formulation of PBC

Select a control action a u = û(x) + v so that

Hd[x(t)] ¡ Hd[x(0)] =

Z t

0
v>(s)z(s)ds ¡ dd(t)

where

Hd(x), the desired total energy function, has a minimum at x⁄,

dd(t) ‚ 0 desired damping, and

z (which may be equal to y) is the new passive output

,

Energy�shaping plus damping injection.

aState feedback, for ease of presentation
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Proposition

If we can �nd a vector function û : R
n ! R

m such that the PDE

µ
@Ha

@x
(x)

¶>

[f(x) + g(x)û(x)] = ¡ŷ>(x)û(x);

can be solved for Ha : R
n ! R, and Hd(x)

4
= H(x) + Ha(x), is such that

x? = arg min Hd(x);

then, the state�feedback u = û(x) is an energy balancing controller, i.e., x? is stable
with Lyapunov function

Hd(x) = H(x) ¡
R t

0 û>(x(s))ŷ(x(s))ds;

= difference between the supplied and the stored energy.
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Example: Pendulum

Energy H = 1
2

_q2 ¡ mgl cos(q)

q̃ + mgl sin(q) = u

y = _q

Objective: stabilize an equilibrium („q; „_q) = (qd; 0)

To achieve stabilization via Energy�Balancing we need

¡

Z t

0
û[q(s)] _q(s)ds = Ha[q(t)] + •

, _Ha = ¡û(q) _q:

Since Ha is only function of q, we can assign it with

û(q) = ¡
@Ha

@q
(q)
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cont’d

Let Ha(q) =
kp

2
(q ¡ qd + mgl

kp
sin(qd))2, with kp > 0, yielding

û(q) = ¡kp(q ¡ qd +
mgl

kp

sin(qd))

New total energy for the passive port (v; _q) is

Hd(q; _q) =
1

2
_q2 +

kp

2
(q ¡ qd +

mgl

kp

sin(qd))2 ¡ mgl cos(q)

which has a minimum in (qd; 0) if kp > mgl.

Asymptotic stability with

v = ¡kdi _q; kdi > 0

(Takegaki�Arimoto, ’81) PD controller!
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Mechanical Systems

Hamiltonian model: De�ne momenta p = M(q) _q and total energy:

H(q; p) = 1
2

p>M¡1(q)p + V (q)

From

_q = M¡1(q)p =
@H

@p

we get the model

2

4
_q

_p

3

5 =

2

4
0 In

¡In ¡R

3

5

2

4

@H
@q

@H
@p

3

5 +

2

4
0

G(q)

3

5 u

where we assumed dissipation of the form

F( _q) =
1

2
_q>R _q; R = R> ‚ 0
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cont’d

Passivity

_H =

µ
@H

@p

¶>

G(q)u ¡

µ
@H

@p

¶>

R
@H

@p

Hence, passive outputs y = G>(q) _q

EB controllers If m = n; G(q) = I we can assign any function of q with

û(q) = ¡
@Ha

@q
(q)

Asymptotic stability with

v = ¡Kdi _q; Kdi > 0
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Caveat Emptor

Limited interest because:

(f; g; h) are cryptic models

PDE parameterized in terms of û(x)!

dif�cult to incorporate prior information to solve the PDE.

Besides mechanical systems, the applicability of EB�PBC is se verely stymied by

the systems natural dissipation.
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Dissipation Obstacle for EBC

Fact: A necessary condition for the solvability of the PDE is

f(„x) + g(„x)û(„x) = 0 ) ŷ>(„x)û(„x)
| {z }

power

= 0:

) Extracted power should be zero at equilibrium.

) EB�PBC applicable only for systems

without pervasive damping.

OK in regulation of mechanical syst. where power = F > _q, but very restrictive for
electrical or electromechanical syst.: power = v>i.

For LTI systems (with jAj 6= 0)

û>(x⁄)ŷ(x⁄) = 0 iff §(0) = 0

where §(s) = C(sI ¡ A)¡1B.

In general possible only if there is no damping in the coordinates that need to be
shaped!
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Role of Dissipation

† Non�pervasive

1

1C

1
L

1C

L

u

2R

q C

ϕL

Equilibria: (iL; vC) = (0; vC⁄) )

zero extracted power!

† Pervasive
1
L

1Cu 2R 1

L

1C
qC

ϕL

Only the dissipation has changed.

vC⁄iL⁄ 6= 0 ) nonzero power

lim
t!1

j

Z t

0
vC(s)iL(s)dsj = 1

for any stabilizing controller (run
down the battery!)
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Series RLC Circuit

Dynamic equations

§ :

8

>><

>>:

_x1 = 1
L

x2

_x2 = ¡ 1
C

x1 ¡ R
L

x2 + u

y = 1
L

x2

PDE ,

µ
1

L
x2

¶
@Ha

@x1
¡

•
1

C
x1 +

R

L
x2 ¡ û(x)

‚
@Ha

@x2
= ¡

1

L
x2û(x)

Since energy

H(x) =
1

2C
x2

1 +
1

2L
x2

2;

we only need to �shape the x1 coordinate", hence look solution

Ha = Ha(x1) ) û(x1) = ¡
@Ha

@x1
(x1):
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cont’d

Propose

Ha(x1) =
1

2Ca

x2
1 ¡

µ
1

C
+

1

Ca

¶

x1⁄x1 + • )

with Ca tuning parameter. This yields

Hd(x) =
1

2

µ
1

C
+

1

Ca

¶

(x1 ¡ x1⁄)2 +
1

2L
x2

2 + •

has a minimum at x⁄ for all gains 1
Ca

> ¡ 1
C

.

Control law

u = ¡
1

Ca

x1 +

µ
1

C
+

1

Ca

¶

x1⁄

µ

= ¡
1

Ca

(x1 ¡ x1⁄) + u⁄

¶

that is, a voltage source in series with a capacitor Ca, is an EB�PBC .
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Control by Interconnection

Adopt a �control�as�interconnection" viewpoint,

cΣ
-

+

-

+ Σu c

yc y

uΣ I

Subsystems:

§c (control) and § (plant) satisfy EBE

§I (interconnection).

Principle:

Select §I such that we can �add" the energies of § and §c.
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cont’d

De�nition: The interconnection is power preserving if y>u = y>
c uc:

Simplest example: Classical feedback interconnection

2

4
u

uc

3

5 =

2

4
0 ¡1

1 0

3

5

2

4
y

yc

3

5

Proposition:

§I power preserving, §; §c passive with states x 2 R
n; ‡ 2 R

nc , and energy�functions
H(x), Hc(‡), resp. Then, interconnection passive with new energy�function

H(x) + Hc(‡):

Problem:
Although Hc(‡) is free, not clear how to affect x?
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Invariant Function Method

Principle: Restrict the motion to a subspace of (x; ‡)

1

x (t)

x (o) x

x

2

ξ
Say › , f(x; ‡)j‡ = F (x) + •g, •

determined by the controllers ICs,
w.l.o.g. • = 0.

Then,

Hd(x) , H(x) + Hc[F (x)]

It can be shaped selecting Hc(‡).

Problem Let C(x; ‡) , F (x) ¡ ‡.
Finding F (¢) that renders ›

invariant ,

d

dt
CjC=0 · 0; P DE

Still stymied by pervasive damp-
ing: because of passivity of §c.
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Series RLC Circuit

System

§ :

8

>><

>>:

_x1 = 1
L

x2

_x2 = ¡ 1
C

x1 ¡ R
L

x2 + u

y = 1
L

x2

Controller: an integrator

§c :

8

<

:

_‡ = uc

yc = @Hc
@‡

(‡)

Interconnection: unitary negative feedback

u = ¡yc; uc = y:

Propose

C(x1; ‡) , F (x1) ¡ ‡
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cont’d

Now,
d

dt
C =

1

L
x2

µ
@F

@x1
(x1) ¡ 1

¶

Thus, we take F (x1) = x1. With the controller energy

Hc(‡) =
1

2Ca

‡2 ¡

µ
1

C
+

1

Ca

¶

x1⁄‡

we recover the previous Hd(x).

Remarks

EB�PBC is constant voltage source in series with a capacitor Ca.

The control action can be implemented without the addition of dynamics.

Stabilization is ensured for all Ca > ¡C, but the system §c is passive only for
positive values of Ca.
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Port�Controlled Hamiltonian (PCH) Systems

Model of a PCH system

§ :

8

<

:

_x = [J(x) ¡ R(x)] @H
@x

(x) + g(x)u

y = g>(x) @H
@x

(x)

† J(x) = ¡J>(x) is the interconnection matrix,
† R(x) = R>(x) ‚ 0 damping matrix, and
† g(x) is input matrix.

PCH systems clearly satisfy the EBE

d

dt
H[x(t)] = ¡

@>H

@x
[x(t)]R[x(t)]

@H

@x
[x(t)] + u>(t)y(t)

Invariance of PCH structure Feedback interconnection of PCH systems is PCH

Nice geometric structure formalized with notion of Dirac structures.
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Examples: Series RLC Circuit

State: x = [qC ; `L]>

total energy:

H(x) =
1

2

x2
1

C
+

1

2

x2
2

L

PCH model

_x =

2

4
0 1

¡1 ¡R

3

5

| {z }

J¡R

2

4

x1
C
x2
L

3

5

| {z }

@H
@x

+

2

4
0

1

3

5

| {z }

g

u
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Mechanical Systems

Assuming linear friction,

F = R _q; R = R> ‚ 0

State x =

2

4
q

p

3

5, p
4
= D(q) _q momenta.

Total energy:

H(q; p) =
1

2
p>D¡1(q)p + U(q)

PCH model,

_x =

2

4
0 I

¡I ¡R

3

5 @H
@x

(x) +

2

4
0

I

3

5 u

y =

2

4
0

I

3

5 @H
@x

(x)
¡

= D¡1(q)p
¢
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Electromechanical Systems

Assuming linear magnetics, i.e., ‚ = L(µ)i 2 R
n, L(µ) = L>(µ) ‚ 0, one

mechanical d.o.f. µ 2 R, u 2 R
m voltages.

Total energy:

H =
1

2
‚>L¡1(µ)‚ +

m

2
_µ2 + U(µ)

State x = (‚; µ; m _µ)

Note that
@H

@x
(x) = (i; ¡¿; _µ);

where ¿ force, ¿L 2 R load torque, M 2 R
n£m de�nes actuated coordinates.

PCH model

_x =

2

6
6
4

¡R 0 0

0 0 1

0 ¡1 0

3

7
7
5

@H
@x

(x) +

2

6
6
4

Mu

0

¡¿L

3

7
7
5

y = M @H
@x1

(x)(= Mi)
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Induction Motor

We have n = 4; m = 2,

‚ =

2

4
‚sI

‚rI

3

5 ; M =

2

4
I

0

3

5 ;

L(µ) =

2

4
Ls LsreJµ

LsreJµ Ls

3

5 ; R =

2

4
RsI 0

0 RrI

3

5
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Power Converters

More general class of PCH models:

_x = [J(x; u) ¡ R(x)]
@H

@x
+ g(x; u)

The control u modi�es the interconnection

Assuming: fast switching, linear Ri; Li; Ci.

State x
4
=

2

4
`L

qC

3

5

Total energy:

H(x) =
1

2
x>

1 L¡1x1 +
1

2
x>

2 C¡1x2;

where L = diagfLig; C = diagfCig.
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cont’

Cuk
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cont’d

Cuk PCH model (x 2 R
4):

_x =

2

6
6
6
6
6
4

0 ¡(1 ¡ u) 0 0

1 ¡ u 0 u 0

0 ¡u 0 ¡1

0 0 1 ¡ 1
R

3

7
7
7
7
7
5

@H

@x
(x) +

2

6
6
6
6
6
4

E

0

0

0

3

7
7
7
7
7
5

Boost PCH model (x 2 R
2):

_x =

2

4
0 ¡u

u ¡1
R

3

5

| {z }

J(u)¡R

@H

@x
(x) +

2

4
E

0

3

5
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Identifying the Admissible Dissipation

Consider PCH controller (for stabilization without loss of generality)

§c :

8

<

:

_‡ = [Jc(‡) ¡ Rc(‡)] @Hc
@‡

(‡) + gc(‡)uc

yc = g>
c (‡) @Hc

@‡
(‡)

Jc(‡) = ¡J>
c (‡), Rc(‡) = R>

c (‡) ‚ 0, and standard feedback interconnection,
i.e.,

u = ¡yc; uc = y:

Closed�loop is still PCH:

2

4
_x

_‡

3

5 =

2

4
J(x) ¡ R(x) ¡g(x)g>

c (‡)

gc(‡)g>(x) Jc(‡) ¡ Rc(‡)

3

5

2

4

@H
@x

(x)
@Hc
@‡

(‡)

3

5

with total energy H(x) + Hc(‡).
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cont’

Casimir functions Look for C(x; ‡) = F (x) ¡ ‡; such that

d

dt
C = 0

for all H(x), hence

h
@F >

@x
¡Im

i

2

4
J(x) ¡ R(x) ¡g(x)g>

c (‡)

gc(‡)g>(x) Jc(‡) ¡ Rc(‡)

3

5

| {z }
2

6
4

_x

_‡

3

7
5

= 0: (P DE)

More restrictive than �rst integrals!
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Proposition

(PDE) admits a solution if and only if F (x) satis�es

µ
@F

@x
(x)

¶>

J(x)
@F

@x
(x) = Jc(‡)

R(x)
@F

@x
(x) = 0 (DO)

Rc(‡) = 0
µ

@F

@x
(x)

¶>

J(x) = gc(‡)g>(x)

Dynamics reduced to › = f(x; ‡)j‡ = F (x)g

§d : _x = [J(x) ¡ R(x)] @Hd
@x

(x)

with

Hd(x) = H(x) + Hc[F (x) + •]:
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Admissible Dissipation

(DO) implies that, for any Hc(¢),

R(x)
@Hc(F )

@x
(x) = 0

† Assume R(x) diagonal, a then Hc should not depend on coordinates where
there is damping. Consequently:

Dissipation only in �non�shaped" coordinates.

How to overcome dissipation obstacle?

Explicitly incorporating information on the state, obviates the need of the invariant
functions and still shape the energy function.

aMust often encountered in applications.
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Dissipation of PCH Systems and Casimirs

Fact For PCH systems Casimirs are necessarily �independent of the damped
coordinates"

Proof Assume F : R
n ! R

m veri�es

@F

@x

>

[J(x) ¡ R(x)] = 0

Post-multiplication by @F
@x

yields

@F

@x

>

[J(x) ¡ R(x)]
@F

@x
= 0

Now, by transposition
@F

@x

>

[J(x) + R(x)]
@F

@x
= 0

Adding them up
@F

@x

>

R(x)
@F

@x
= 0 ) R(x)

@F

@x
= 0
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Feedback Equivalence to Port Controlled Hamiltonian Systems

When an af�ne nonlinear system like

§f;G : _x = f(x) + G(x)u

with G full rank is transformable, via feedback, into a PCH system?

§P CH

8

<

:

_x = [J(x) ¡ R(x)] rH(x) + G(x)u; x 2 R
n; u 2 R

m; m < n

y = G>(x)rH(x); y 2 R
m;

First consider feedback equivalence to pseudo�gradient sy stems of the form

§P G : _x = F (x)rH(x)

where F : R
n ! R

n£n is arbitrary. Then, imposing the constraint that

F + F > • 0; (ND)

address feedback equivalence to PCH systems.
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De�nitions

§f;G is feedback equivalent to a pseudo�gradient system and, for short, denote it
as §f;G 2 FP G, if there exists fl : R

n ! R
m such that the matching equations

f(x) + G(x)fl(x) = F (x)rH(x) (ME)

hold.

§f;G is feedback equivalent to a PCH system�denote it as §f;G 2 FP CH �if
§f;G 2 FP G with F satisfying (ND).

§f;G is feedback equivalent to a stable PCH system, denoted §f;G 2 FS
P CH , if

§f;G 2 FP CH with H verifying

x? = arg min H(x) (MC)

for an admissible equilibrium x? of §f;G.
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cont’d

Scenarios
1. F and H a priori �xed,

2. F and H free,

3. F free and H a priori �xed, ) (ME) set of algebraic equations in F and fl

4. F a priori �xed and H free, ) (ME) set of PDEs for H �parameterized in F

and fl

Remarks
The PCH form is invariant to change of coordinates. This justi�es the use of
the term �feedback equivalence".

If §f;G 2 FP CH then with the new control input u = fl(x) + v it is possible to
de�ne a bona �de PCH system with port variables (v; ~y) of the form

_x = F (x)rH(x) + G(x)v

~y = G>(x)rH(x):

IIT�Bombay, Summer 2005 � p.57/124



CENTRE NATIONAL 

DE LA RECHERCHE

SCIENTIFIQUE

Full Matching Equations: Preliminaries

De�ne the parameterized closed�loop vector �eld

~ffl(x)
4
= f(x) + G(x)fl(x);

and de�ne the set of controls

Gx?

4
= ffl : R

n ! R
m j ~ffl(x?) = 0g

For each fl 2 Gx? , we can de�ne a matrix Afl : R
n ! R

n£n such that

~ffl(x) = Afl(x)(x ¡ x?):

For all functions H verifying (MC)

rH(x) = “(x)(x ¡ x?);

where “ : R
n ! R

n£n.
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Proposition

1. If F and H are a priori �xed , with F; H verifying (ND) and (MC), respectively, then
§f;G 2 FS

P CH , (F rH ¡ f) 2 Im G:

2. If F and H are free then §f;G 2 FP G. Furthermore, if there exists fl 2 Gx? such
that

P Afl + A>
fl P • 0; P = P > > 0 (LY A)

then §f;G 2 FS
P CH .

3. If F is free and H is a priori �xed and verifying (MC), with “ full rank then
§f;G 2 FP G. Furthermore, if there exists fl 2 Gx? such that

“>Afl + A>
fl “ • 0

then §f;G 2 FS
P CH .

4. If F is a priori �xed and H is free with F full rank and verifying (ND) then
§f;G 2 FP CH if and only if the n

2
(n ¡ 1) PDEs

r[F ¡1(f + Gfl)] =
¡
r[F ¡1(f + Gfl)]

¢>
(SC)

admit a solution for fl.
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Proof

ii) Select fl 2 Gx? and de�ne Afl . Fix

H =
1

2
(x ¡ x?)>P (x ¡ x?);

for some constant full rank P 2 R
n£n. The proof that §f;G 2 FP G is completed

de�ning F = AflP ¡1. To prove the second statement select the matrix
P = P > > 0 solution of (LYA) and de�ne

J
4
=

1

2
(F ¡ F >) = ¡J>; R

4
= ¡

1

2
(F + F >) ‚ 0:

iii) Select fl 2 Gx? and de�ne the matrix Afl . Since H veri�es (MC) we can de�ne
“. The proof that §f;G 2 FP G is completed de�ning F = Afl“¡1. To prove the
second statement de�ne J and R as above.

iv) If the matrix F is full rank, Poincare’s Lemma gives us directly a necessary and
suf�cient condition for feedback equivalence. Indeed, the vector �eld
F ¡1(f + Gfl) is a gradient vector �eld if and only if (SC) holds.
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Projected Matching Equations: Basic Result

Proposition
§f;G with F verifying (ND). Then §f;G 2 FP CH if and only if the projected
matching equations

G?(f ¡ F rH) = 0

hold for an arbitrary full�rank left annihilator of G.

Proof
Clearly, §f;G 2 FP CH , (f ¡ F rH) 2 Im G. On the other hand,

Ker G? = Im G:
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Projected Matching Equations: Necessary and Suf�cient Con ditions

Proposition
Consider §f;G with F a priori �xed and H free, and F verifying (ND). Let

W
4
= G?F; s

4
= G?f;

compute the distributions

¢
4
= involutive closure spanfW >(x)g

~¢
4
= involutive closure span

8

<

:

2

4
W >(x)

s>(x)

3

5

9

=

;
:

and assume that they are regular. Then §f;G 2 FP CH if and only if

dim ¢ = dim ~¢:
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Proof: A Key Lemma

Given W : R
n ! R

q£n and s : R
n ! R

q , with q < n. The following statements are
equivalent.

(A) 9H : R
n ! R such that

W (x)rH(x) = s(x):

(B) 9 ~H : R
n £ R ! R such that

W (x)rx
~H(x; z) ¡ s(x)rz

~H(x; z) = 0 (B1)

rz
~H(x; z) 6= 0 (B2)
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Proof of Lemma

(A) ) (B)
With H solution of W (x)rH(x) = s(x) de�ne ~H(x; z)

4
= H(x) + z, which clearly

solves (B).

(B) ) (A)
Given ~H solution of (B1) we know from the Implicit Function Theorem and (B2)
that the equation ~H(x; z) = 0 admits a (local) solution in z. Let us call this solution
z = H(x), that is

~H(x; z)jz=H(x) = ~H(x; H(x)) = 0;

and

rx
~H(x; z)jz=H(x) + rz

~H(x; z)jz=H(x)rH(x) = 0:

Using again (B2) we obtain

rH(x) =
¡1

rz
~H(x; z)jz=H(x)

rx
~H(x; z)jz=H(x):
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cont’d

Replacing this expression in (A) we get

W (x)rH(x) ¡ s(x) = W (x)

µ
¡1

rz
~H(x; z)

rx
~H(x; z)

¶

jz=H(x) ¡ s(x)

=
¡1

rz
~H(x; z)jz=H(x)

‡

W (x)rx
~H(x; z)jz=H(x)

·

| {z }

¡s(x)rz
~H(x;z)jz=H(x)

¡s(x)

where we have used (B1) to get the underbrace.

Since the right hand side is equal to zero H(x) solves (A).
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3. Standard PBC

Procedure
Identify the passivity properties of the system.

Fix the desired energy function in terms of error signals, e.g.,

Hd =
1

2
e>D(q)e:

Make a �copy" of the system to create an error system with desired passivity
properties.

Couple them via a power preserving interconnection.

Remarks
Suitable for systems described by Euler�Lagrange equations :

D(q)q̃ + C(q; _q) _q + rV (q) = Bu

Passivity (u; B> _q) follows from _D(q) = C(q; _q) + C>(q; _q)

Relies on �system inversion" and destroys Lagrangian structure
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Example: Induction Motor

Model

§e

8

>><

>>:

‚ = L(µ)i 2 R
4

_‚ + Ri =

2

4
vs

0

3

5
§m

8

<

:

j _! = ¿ ¡ ¿L

¿ = 1
2

i> @L(µ)
@µ

i

where L(µ) =

2

4
LsI2 LsreJnpµ

Lsre¡Jnpµ LrI2

3

5 is inductance matrix, ‚ =

2

4
‚s

‚r

3

5

�ux, i =

2

4
is

ir

3

5 current, µ rotor angle, vs stator voltage, ¿ torque, ¿L load torque.

Proposition The IM de�nes a passive operator with port variables

(V; I)
4
= (

2

4
vs

¡!

3

5 ;

2

4
is

¿

3

5);

and storage function electric energy: 1
2

‚>L¡1(µ)‚.
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Proposed Controller

Controller in implicit form

§c

8

>>>>><

>>>>>:

_‚d + Rid =

2

4
vs

0

3

5

‚d = L(µ)id

¿d = 1
2

i>
d

@L(µ)
@µ

id

Proposition §c de�nes a passive operator with port variables

(V; Id)
4
= (

2

4
vs

¡!

3

5 ;

2

4
isd

¿d

3

5):

Fact Given ¿d; fld, §c is realizable via

‚d
r = eJ‰d

2

4
fld

0

3

5 ; _‰d =
Rr

npfl2
d

¿d; vs = v̂s(‚d; ¿d; fld; µ):
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Power Preserving Interconnection

 

 
       �E

 

 
 

 
       �C

 

 
 

 
       �  

 
 

 

I  dI  

v  
- 

+ 

I
~

 

Yields error dynamics ~§ such that ~I ! 0 (exp).

~ When applied to current�fed machines it coincides with indirect �eld
oriented control. ~
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4. Interconnection and Damping Assignment PBC

Consider _x = f(x) + g(x)u. Assume there are matrices

g?(x); Jd(x) = ¡J >
d (x); Rd(x) = R>

d (x) ‚ 0;

where g?(x)g(x) = 0; g?(x) full rank, and a function Hd(x), with x? = arg min Hd(x),
that verify the matching equation

g?(x)f(x) = g?(x)[Jd(x) ¡ Rd(x)]rHd (ME)

Then, the closed�loop system with u = û(x), where

û(x) = [g>(x)g(x)]¡1g>(x)f[Jd(x) ¡ Rd(x)]rHd ¡ f(x)g;

takes the port controlled Hamiltonian (PCH) form

_x = [Jd(x) ¡ Rd(x)]rHd;

with x? a stable equilibrium.
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Universal Stabilizing Property of IDA�PBC

Lemma
If x⁄ is asymptotically stable for _x = f(x); f(x) 2 C1 then 9Hd(x) 2 C1, positive
de�nite, and C0 functions

Jd(x) = ¡J>
d (x); Rd(x) = R>

d (x) ‚ 0

such that

f(x) = [Jd(x) ¡ Rd(x)]
@Hd

@x

Corollary
If 9û(x) 2 C1 that asymptotically stabilizes the PCH system, then

9Jd(x); Rd(x) 2 C0 and Hd(x) 2 C1 which satisfy the conditions of the
IDA�PBC theorem .
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IDA PBC as a State�Modulated Interconnection

For systems with pervasive damping need non�passive controllers!

Controller as an (in�nite energy) source

§c :

8

<

:

_‡ = uc

yc = @Hc
@‡

(‡)

with energy function Hc(‡) = ¡‡.

State�modulated (power�preserving) interconnection §I

2

4
u(s)

uc(s)

3

5 =

2

4
0 ¡û(x)

û(x) 0

3

5

2

4
y(s)

yc(s)

3

5

Overall interconnected PCH system (with total energy H(x) + Hc(‡))

2

4
_x

_‡

3

5 =

2

4
J(x) ¡ R(x) ¡g(x)û(x)

û>(x)g>(x) 0

3

5

2

4

@H
@x

(x)
@Hc
@‡

(‡)

3

5
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When is IDA an Energy�Balancing�PBC?

Plant is a PCH system

_x = [J(x) ¡ R(x)]
@H

@x
+ g(x)u; y = g>(x)

@H

@x

The PDE becomes

g?(x)[Jd(x) ¡ Rd(x)]
@Ha

@x
= ¡g?(x) [Jd(x) ¡ J(x) ¡ Rd(x) + R(x)]

@H

@x

to be solved for Ha(x) and form Hd(x) = H(x) + Ha(x).

If Rd(x) = R(x), and satis�es

R(x)
@Ha

@x
(x) = 0;

that is, no shaping of coordinates with damping, then

_Ha = ¡u>y , IDA�PBC is energy balancing:
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