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M otivation; Some Facts"

» Modern (model based) control theory is not providing solutions to new practical
control problems

® Prevailing trend in applications: data based solutions"
® Neural networks, fuzzy controllers, etc
® They might work but we will not understand why/when

New applications are truly multidomain

| I

There is some structure hidden in complex systems"
® Revealed through physical laws
& Pattern of interconnection is more important than detail
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Why?

® Control design problems traditionally approached adopting a signal processing
viewpoint.

® Objectives: keep some error signals small and reduce the effect of certain
disturbance inputs in spite of unmodeled dynamics.
® Discriminated via ltering .
® \Very successful for linear time invariant (LTI) systems
® Impossible in nonlinear case:
& far from obvious computations,
® nonlinear systems mix" the frequencies.
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Prevailing Approach in Control Theory

Crank up" the gain to quench the (large set of) undesirable signals...often impractical!:

® Intrinsically conservative
» ampli es noise

® energy consumption...

How to incorporate prior structural information?

Our inability is inherent to the signal processing viewpoi nt.

K
® Attempts for a monolithic theory doomed to failure.
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Proposal

® Reconcile modelling with, and incorporate energy information into, control design.
HOW?

® Propose models that capture main physical ingredients:
$ energy,
® dissipation and
& interconnection
B Attain classical control objectives (stability, performance) as by products of:
® energy shaping,
® interconnection and

& damping assignment.

® Confront, via experimentation, the proposal with current practice.
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cont'd

® To incorporate energy principles in control
® adopt a control as interconnection framework

® view dynamical systems (plant and controller) as energy transformation
devices interconnected to achieve desired behaviour.

® Consider physical systems, i.e., that satisfy energy conservation .

® Control problem is to assign a desired energy function.

Yo y
+ +
T, " oug A 3
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Context and classi cation of PBC

Energy balancing control and control by interconnection
® Dissipation obstacle
® [nvariant function method

Standard PBC

Interconnection and damping assignment PBC
® Role of interconnection

® Downward compatibility with EB PBC

® Universal stabilization property

Power shaping of RLC circuits
® Power balance inequality and new passivity property
® A framework for reactive power compensation

Conclusions and outlook
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1. Context and Class cation of PBC

® Objective in PBC:
® render the system passive with some desired storage (energy) function.

® Classication of PBC

® Energy balancing control and control by interconnection
& total energy = (energy of the open loop) - (energy extracted from the
environment)

® Standard" PBC
& X apriori desired storage function () asymptotic systems inversion)
& destroys physical structure
® |IDAPBC
& Fix the structure (Lagrangian or Hamiltonian) and characterize assignable
energy functions (, solving a PDE.)
& Parameterized by two (free) matrices (related to physics).

® Power shaping PBC
£ Instead of energy shaping.
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Advantages and Applications of PBC

Advantages of energy shaping (over nonlinearity cancellation and high gain) #

Handle on performance, not just stability

o

Respect, and effectively exploit, the structure of the system to
#® incorporate physical knowledge,
® provide physical interpretations to the control action.

Energy serves as a lingua franca to communicate with practitioners.

o

There’s a clear geometrical characterization of passi able systems
(Byrnes/Isidori/Willems, 91)

Applications of PBC

® mass balance systems, electrical motors, magnetic levitation systems, power
systems, power converters, underwater vehicles, (air)spacecrafts and
underactuated mechanical systems.

_ aEuphemisticaIIy called nonlinearity domination .
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Energy Shaping Applications

e

Supélc

e o0 b

°

Transient Performance of the Ball and Beam

Steep energy function ) quick response but bad transient —
Wider" energy function ) slower response without overshoot transient —
No regulation of transient excursions ) ball gets off the bar —

Limiting level sets D ball remains in the bar —
Vertical Take off and Landing Aircraft

Providing tuning knobs to decide a maneuver —
Orbital Stabilization of Passive Walking Robot

Problem cannot be posed in terms of tracking, a natural approach is to regulate
the kinetic potential energy exchange —

‘Achieved assigning an energy function like a "Mexican sombrero" ~
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Control by Interconnection in Teleoperation

® Two mechanical systems, a human controlled master and a teleoperated slave

Tl

pastion (g, )

/—’_\ strain gauge  #

Force [ )

» Obijectives:
® The slave follows the masters position, gs(t) ¥ gm(t), and

® the master feels" the slaves force, Fm(t) ¥ Fs(t) as it interacts with
environment.
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cont’d

® nstability arises due to the transmission delays.
® Passivity based solution (Anderson and Spong, '89)
® Assume operator and environment are passive, i.e.,
Z t

i . F()a(c)de = M;

& transform the transmission delays into a transmission line, which is also
passive!

® interconnection of passive systems is stable.
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2. Energy Balancing Control

De nition

We say that the m port system

x = T(x)+g(xu

y = $X);
with state x 2 R"™, and power port variables u;y 2 R™, satis es the energy balance
equation if z

H [x(1)] { H[X(O); = uT(S)H(X(s))ds i d{t%
stored energy dissipation

supplied

where H : R" ¥ R s the stored energy function and d(t) , 0. If H(x) , 0 then we say
that the system is

passive with port variables (u;y) and storage function H(x).
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Key Observations

® For passive systems we have

Z ¢

i U (s)ys)ds = H[x(0)] < 1
0]

T , amount of energy that can be extracted from a passive system is bounded.

With u - 0, we have H[x(t)] = H[x(0)]: Will stop in a point of minimum energy.

L I

Control introduced to operate the system around some non zer o equilibrium point,
sSay X~

® Rate of convergence (in principle) increased if we terminate the port with
u= iKaiy; Kagi =Kg =>0:

R
® d(t) is non decreasing; typically Ot(tt)zds.
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I Examples: Electrical Circuits

ol
O
)
/
s

T T is ux, gc charge, u voltage
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cont'd

® Model, with x 2 [ac; "],

8
— 1
3 X1 L X2
. — -1 - R
§'B X2 ieX1ipXe+u
- 1
y = X2

® Energy

1 1
H(X) = —=xf+ x5
(%) TR TR
® Satises (EBE) with (u;y) =(voltage, current) and

Zt1

d(t) =R [=x2(s)]?ds
o L

NNNNNNNNNNNNNN
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M echanical Systems

T uis torque, g1 ball position, g> beam angle
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cont'd

$ Model

M1 + masin(gz) § Mm1qas = O

(1 +m1gf)d> + 2mM1010:1d2 + M3gz cos(qz) = U

® Energy H = 2¢™M(g1)q + msqy sin(gz), where

2 3

mMay=4" 7 5
0 1+ mig?

® Satises (EBE) with (u;y) =(torque, angular velocity) and d(t) = 0.
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I Electromechanical Systems

Tt , is ux, y position, u voltage I
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Model (Assuming linear magnetics, i.e., , = L( )i)

,+RI = u
m = F i mg
10L
F = —@—( )i?
20
Total energy:
2
H = } 2 + T _2 + mg
2L() 2
Output y = 1, same dissipation. Notice, however, that H is not bounded from

below!

oo IITBombay, Summer 2005 p.21/124



Power Converters

L
+ .
u=1
+
E —

u=0
o
+ +
— T _C R
o

T u switch position: f0; 1g

_,-*' NNNNNNNNNNNNNN
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Supélc

IITBombay, Summer 2005 p.22/124



cont’

® Model, with x 2 [TLiae]™,

X1 = ju=X2—+E

xo = Uixgj —

X2 CXL i peX2
® Total energy: H(X) = 5p- X% + 5&X3.

® Attention: (u;y) = (E; X—I_l) and E is not an Input"!
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I | mplications of EBE for (f;g; h) Systems

Fact
If the syst. 3
g. " x = F+gxu
-y = hX)

satis es the (EBE) with energy function H(x). Then ?

@_H>(X)f(x) - 0

@x

07 (%) —%H ) = hX)
X

2Actually, iff as shown in (Hill/Moylan’76)

N
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Pr oof

Differential form of (EBE)
Heu'y

equivalent to —~ I

OH = OH =

— )+ —— (X)g9(X) i h(x) u=0

@x @x

| {z } | {z }
' % IITBombay, Summer 2005 p.25/124
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Standard Formulation of PBC

Select a control action % u = (x) + v so that
z t

Ha[x(D)] i Ha[x(0)] = . v (s)z(s)ds i da(t)

where

® Hy(x), the desired total energy function, has a minimum at x—
® dy(t) . 0desired damping, and

® 7 (which may be equal to y) is the new passive output

Energy shaping plus damping injection.

“State feedback, for ease of presentation
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Proposition

If we can nd a vector function @& : R™ ¥ R™ such that the PDE

1~

200 [FGO+ 9000691 = 197 (900

can be solved for Hz : R™ ¥ R, and Hg(X) 2 H(X) + Ha(X), is such that
X2 = arg min Hgy(X);

then, the state feedback u = @&(x) is an energy balancing controller, i.e., X is stable
with Lyapunov function

R
Ha(x) = HX) i o 07 (X(3))9(x(s))ds;

= difference between the supplied and the stored energy.
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Example: Pendulum

® Energy H = 292 j mgl cos(q)

q+mglsin(g) = u

y = 4d

Objective: stabilize an equilibrium (g,; &) = (gq; 0)

L I

To achieve stabilization via Energy Balancing we need
Z ¢

i . a[q(s)la(s)ds = Hal[a(t)] + =

- Ha = i0(Q)q:

Since Ha is only function of g, we can assign it with

@Ha
0(q) = i
(@ i a9

(@)
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Let Ha(q) = kz—p(q i Qg+ ?—? sin(gq))?, with kp > 0, yielding

0@) = i kp(@ § G+ oo Sin(ae)

New total energy for the passive port (v;q) is

1 k maql .
Hq(g;9) = qu + 7p(q i Qo + k—gsm(%))2 i mglcos(q)
P

which has a minimum in (qq; 0) if kp = mgl.
Asymptotic stability with
vV = ikdiq; kgi =0

(Takegaki Arimoto, '81) PD controller!
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M echanical Systems

® Hamiltonian model: De ne momenta p = M (q)q and total energy:

H(g;p) = 2p”M 11(q)p + V (q)

From
) OH
g=MitQp=——
@p
we get the model
2 3 2 32 3 2 3
eH
495_4 9 I 5448 5,4 0 5
p iln iR o G(q)

where we assumed dissipation of the form
1
F(q) = Eq>Rq; R=R™ ,0

_,-*' NNNNNNNNNNNNNN

EEEEEEEEEEEEE
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P Passivity
OH T~ oH T~ OH
H= — G(QQui — R—
@p @p @p
Hence, passive outputs y = G~ (q)g
® EB controllers If m = n; G(q) = | we can assign any function of g with
oH
0@@) = i ——(a)
@q

» Asymptotic stability with
v =iKgigq; Kgi >0
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Caveat Emptor

® Limited interest because:
® (T;g;h) are cryptic models
® PDE parameterized in terms of (x)!
& dif cult to incorporate prior information to solve the PDE.
® Besides mechanical systems, the applicability of EB PBC is se verely stymied by

® the systems natural dissipation.
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Dissipation Obstacle for EBC

Fact: A necessary condition for the solvability of the PDE is

f(x) +9(x)a(x) =0 Z}E)z%} = 0:

power

® O Extracted power should be zero at equilibrium.

® D EB PBC applicable only for systems
without pervasive damping.

® OKinregulation of mechanical syst. where power = F ~q, but very restrictive for
electrical or electromechanical syst.: power = v~I.

® For LTI systems (with jAj & 0)
0™ (x)PH(x) = 0 iff §(0) = 0
where §(s) = C(sl j A)i1B.

B In general possible only if there is no damping in the coordinates that need to be
shaped!
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Role of Dissipation

T Pervasive
1
T Non pervasive T¢L
1
= S 'S A
L g, L
= 3 +
A u(®) C.7~  ReZ il
L T .
u(®) C, 7~ < o
C, ® Only the dissipation has changed.
® v i_-6 0 nonzero power
AVAVAY,
R, Z
limj  ve(s)iL(s)dsj= 1
® Equilibria: (i_;ve) = (0;ve) D tB1- o
$  zero extracted power! for any stabilizing controller (run
down the battery!)
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Series RLC Circuit

® Dynamic equations
8
= x1 = %
85 x i&X1 0 poXe+u
Ty = ix
» PDE .,
1x ﬂ@Ha i .1x + Rx i O(X)’ OHa _ . 1x 0(x)
L2 @X]_ICl |_2I @XZ IL2
9

Since energy

1 1
H(X) = —xZ + —X3;
() TR TR
we only need to shape the x; coordinate", hence look solution

Ha = Ha(x) D 0(x1) = § oo
o=

2 (x1):
e N W W gm CENTRE NATIONAL
o e
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cont'd

® Propose
11
H(X1)=—1 11 RS XpX1+ <)
* 2C. Y7 C  cCa
with C4 tuning parameter. This yields
il
1 1 1 1
Hi(x) == =+ — (X1ix1)°+_—x5+=
d(X) > Ca(llM TR
has a minimum at x—~for all gains c%l > i é
» Control law
u—'1x+1+1ﬂx —'1(X'x‘1ﬁ+u/'IT
ICa 1 cc. (1~ ICa 11

that is, a voltage source in series with a capacitor Cg, is an EB PBC .
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Control by lnter connection

$® Adopt a control as interconnection” viewpoint,

Ve y
+ +
X. 7 ug 2, T >

® Subsystems:
® 8. (control) and 8 (plant) satisfy EBE
® §) (interconnection).
» Principle:
® Select 8 such that we can add" the energies of 8 and 8.
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cont'd

® De nition: The interconnection is power preserving if y~u = yZ Uc:

® Simplest example: Classical feedback interconnection

2 3 2 32 3
4 Y540 ilgs VY 5
uC 1 O yC

Proposition:

8| power preserving, 8; 8¢ passive with states x 2 R™; $ 2 R"¢, and energy functions
H(x), Hc (%), resp. Then, interconnection passive with new energy function

H (X) + Hc(:t)

Problem:
Although Hc (%) is free, not clear how to affect x?
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| nvar iant Function M ethod

Principle: Restrict the motion to a subspace of (x; 1)

® say> , FGHit=F(X)+=g, =
determined by the controllers ICs,
w.l.o.g. = =0,

® Then,
Hga(x) , H(X) + Hc[F (X)]

It can be shaped selecting Hc(1).
> ® ProblemLetC(x;1) , F(X) i 1.

X9 Finding F (¢) that renders >
invariant
d Cj 0; PDE
at Jc=o0 :

® Sitill stymied by pervasive damp-
Ing: because of passivity of
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Series RLC Circuit

» System
y 3 1
= X1 = L X2
§:5 % = igxipxetu
Ty = ix
® Controller: an integrator
8
=t = u
8c: _ oH
= Ye = @ic(i)
® Interconnection: unitary negative feedback
= 1Ye;, Uc=Y:
® Propose
C(x1;%) » F(x1) i+
g o
Supélc ''''''''' U
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cont'd

Now,
oF L
—C=—Xx2 —(X1)il
0x1

Thus, we take F (x1) = Xx1. With the controller energy

T
X4

1
He(#) = -—1%° i +

1 1
2Ca C Ca

we recover the previous Hg(X).

Remarks

EB PBC is constant voltage source in series with a capacitor Cj;.

The control action can be implemented without the addition of dynamics.

L I B

Stabilization is ensured for all C4 = j C, but the system & is passive only for
positive values of Cj;.
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Port Controlled Hamiltonian (PCH) Systems

e

Supélc

L I

Model of a PCH systerEn3

= x = [ i ROIIED (0 +g(x)u
Sy = T

T J(X) = I~ (X) is the interconnection matrix,

T R(X) = R™(x) , 0damping matrix, and

T g(x) is input matrix.

8 :

PCH systems clearly satisfy the EBE

d _ _@~H
GHXO1= i o

[X(DIR[X(D)] %—I;I [X(D)] + u™ Ry (1)

Invariance of PCH structure Feedback interconnection of PCH systems is PCH

Nice geometric structure formalized with notion of Dirac structures.
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Examples. Series RL C Circuit

® State: x=[qc; L]
® total energy:

1x5  1Xx5
Hx)=-"1+222
2 C 2 L
$ PCH model 2 32 3 2 3
X1
x=4 9 1 54 Cc 5,495,
il iR 7 1
| {z Fl—z—} |{z=}
JiR aH g
@x
IIT Bombay, Summer 2005 p.43/124
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M echanical Systems

» Assuming linear friction,

F=Rg R=R> .0
2 3

® Staex=4 1 S, p 2 D(q)q momenta.
P

® Total energy:
1 _
H(@;p) = 5p” D (@)p + U(0)

®» PCH model, 5 3 5 3
0 | 0
2 '3 1
0 i _
y = 4 580067 =pil(g)p
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Electromechanical Systems

® Assuming linear magnetics, i.e., , = L()i2R",L()=L=() , 0, one
mechanical d.o.f. 2 R, u 2 R™M voltages.

® Total energy:

,a;u),+g;+u()

NI

® Statex=(,; ;:m.)

®» Note that
H ]
@—(X) =@ i¢;-);
@x

where ¢, force, ¢ 2 R load torque, M 2 R™£M de nes actuated coordinates.

» PCH model
2 3 2 3
i Mu
X = § 0 0 é%—i'(x)““g 0 é
0 il O 140
y = Mg()(=Mi)
v oY S

EEEEEEEEEEEEE IITBombay, Summer 2005 p.45/124
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| nduction M otor

We have n =4; m = 2,

2 3 2
,:4 ’SI 5; |\/|:4 |
1r| O
2 3 2
L()=4 Ls Lsr®” 5. R4
LsreJ I_S

_,-*' NNNNNNNNNNNNNN

EEEEEEEEEEEEE
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Power Converters

® More general class of PCH models:
H
x=B06u) § REIS, +90au)

The control u modi es the interconnection

Assuming:zfast swgching, linear Rj; Lj; Cj.

Statex 24 - 5
dc

e o o0

Total energy:

1 i 1 i}
H(x) = Ex1>L'1x1 + 5x2>C ily,:

where L = diagfLjg; C = diagfCig.
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Cuk

-
(E'F ' I \ (Pf X3
—: _ _ —— -fq_"
i u=1 =0 c, F
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cont'd

® Cuk PCH model (x 2 R%):

2 3 2 3
0 iliu 0 O E
1ju 0 u H 0
x=f 11 O %)+
0 ju 0 1 @x 0
0 0 1 iz 0

2 3 2 3
=4 Y 'US@_H(X)+4 5
- u Al @x

R
| —Az—}
JWiR
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I | dentifying the Admissible Dissipation

® Consider PCH controller (for stabilization without loss of generality)

8
S ot o= [Je®) i Re@IGe () + ge(F)uc

= Yo = 0eM%E®

8¢

Je(®) = iJ (), Rc(?) = RZ (%) -, 0, and standard feedback interconnection,
l.e.,

U= jYc;Uc =Y:

® Closed loop is still PCH:

2 3 2 32 3
4% 5_42 J0IRMN  19MEE) £, 00
£ ge(1)g” ()  Je(®) i Re(®)  FHe()
with total energy H(X) + Hc(%).
% IIT Bombay, Summer 2005 p.50/124
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cont’

® Casimir functions Look for C(x; 1) = F(x) j f; such that

d
—C =0
dt
for all H(x), hence
h i° 3
1 - - >
@é):x> Sl 4 ‘J(X) ] R(X) Ig(x)gc (i) 5 — 0 (PDE)
gc()g”™(xX)  Jc(d) i Re(d)
| —{7— }
X
9~ 4
o
® More restrictive than rst integrals!
' % IITBombay, Summer 2005 p.51/124
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I Proposition

(PDE) admits a solution if and only if F (X) satis es

-

oF oF
00 6000 = e
RO = 0 (DO)
@x
oF =
P 300 = ge)e” X
@x

Dynamics reduced to > = f(x; 1)jf = F(X)g
§q 1% =[I(x) i ROY]EH (%)
with
Ha(X) = H(X) + Hc[F (X) + <]

N
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Admissible Dissipation

» (DO) implies that, for any Hc(t),

@Hc(F)

JOESS

(x)=0

T Assume R(X) diagonal, @ then H¢ should not depend on coordinates where
there is damping. Consequently:

Dissipation only in non shaped" coordinates.
How to overcome dissipation obstacle?

® Explicitly incorporating information on the state, obviates the need of the invariant
functions and still shape the energy function.

#Must often encountered in applications.
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Dissipation of PCH Systemsand Casimirs

Fact For PCH systems Casimirs are necessarily independent of the damped
coordinates"

Proof Assume F : R & RM veries
OF ~
— [JX) i R(X)]=0
@x

Post-multiplication by £ yields

OF ~ _ OF _
@_X [J(X) i R(X)]@—X =0

Now, by transposition
@F ~ QF
— [JX)+R — =0
i D00+ RO
Adding them up
OF

- eF _ eF _
ax R(x)@—X =0 R(X)@—X =0
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Feedback Equivalenceto Port Controlled Hamiltonian Systems

» When an af ne nonlinear system like

8,61 X=TF(X)+G(X)u

with G full rank is transformable, via feedback, into a PCH system?

8

S x = [ i RXIrHX +G(X)u; x2RM" u2R™M m<n
8pcH .

-y = GT(XrHX); y2R™;
® First consider feedback equivalence to pseudo gradient sy stems of the form
8pg : X=F(X)rH(x)
where F : R™ ¥ R"EN js arbitrary. Then, imposing the constraint that
F+F~ «0; (ND)

_ address feedback equivalence to PCH systems.
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De nitions

® 8¢ is feedback equivalent to a pseudo gradient system and, for short, denote it
as 8f.g 2 Fpg, ifthere exists fl : R ¥ R™ such that the matching equations

TF(X) + GOOfl(X) = F(X)rH(x) (ME)

hold.

® 8¢ is feedback equivalent to a PCH system denote itas 8. 2 Fpcy if
8¢.c 2 Fpg with F satisfying (ND).

® 8¢ is feedback equivalent to a stable PCH system, denoted 8¢.c 2 FS~, if
§f;G 2 FpcH with H verifying

X7 = arg min H(x) (MC)

for an admissible equilibrium x» of 8¢.c.
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cont'd

» Scenarios

F and H a priori xed,

F and H free,

F free and H a priori xed, ) (ME) set of algebraic equations in F and fl

H w DN

F a priori xed and H free, ) (ME) set of PDEs for H parameterized in F
and fl
®» Remarks

® The PCH form is invariant to change of coordinates. This justi es the use of
the term feedback equivalence".

® If 8¢.g 2 Fpcy then with the new control input u = fl(X) + v it is possible to
de ne a bona de PCH system with port variables (v; y) of the form

X = FXrHX + G(Xx)Vv
y = GT(X)rH(x):
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Full Matching Equations. Preliminaries

® De ne the parameterized closed loop vector eld
pal
i (X) = £(x) + GO)flI(X);
and de ne the set of controls
ﬂ' . n m ; —
Gx, = ffl :R" ¥ R jTf(x2) =0g
® Foreach fl 2 Gx,,, we can de ne a matrix Ag : R™ ¥ R"EN gych that
i (X) = Aa(X)(X i X?):
® For all functions H verifying (MC)
rH(X) = ()X i X2);
where ““ : RN 1 RNEN,
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Proposition

1.

e

Supélc

If F and H are a priori xed , with F; H verifying (ND) and (MC), respectively, then
8t.c 2FScy » (FrH i f) 2ImG:

If F and H are free then 8¢.¢ 2 Fpg. Furthermore, if there exists fl 2 Gx., such
that

PAf +AfP =0; P=P7 >0 (LYA)

then 8¢.c 2 FS -

If F is free and H is a priori xed and verifying (MC), with “* full rank then
8f.¢ 2 Fpg. Furthermore, if there exists fl 2 Gx., such that

“>Aﬂ +A-ﬁ“ -0

then 8¢.c 2 FS -

If F is a priori xed and H is free with F full rank and verifying (ND) then
8f.c 2 Fpcy if and only if the %(n i 1) PDEs

i i ] ¢
r[Fil(f+Gf)] = r[Fil(f +Gfl)] (SC)

admit a solution for fl.
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Pr oof

® i) Select fl 2 Gx., and de ne Ag. Fix

H = %(x i X2)TP(X i X?);

for some constant full rank P 2 RN, The proof that 8f.¢ 2 Fpg is completed
de ning F = AgP il. To prove the second statement select the matrix
P = P~ > 0 solution of (LYA) and de ne

1EN

1
FiF7)=iJ7; R iE(F +F~7) , 0:
® i) Select fl 2 Gx., and de ne the matrix Ag. Since H veries (MC) we can de ne

““. The proof that 8¢.c 2 Fpg is completed de ning F = Ap““ 1. To prove the
second statement de ne J and R as above.

® iv) If the matrix F is full rank, Poincare’s Lemma gives us directly a necessary and
suf cient condition for feedback equivalence. Indeed, the vector eld
F i1(f + Gfl) is a gradient vector eld if and only if (SC) holds.
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Projected Matching Equations. Basic Result

®» Proposition
8¢.c with F verifying (ND). Then 8¢.¢ 2 Fpcn if and only if the projected
matching equations
G7(f i FrH)=0

hold for an arbitrary full rank left annihilator of G.

®» Proof
Clearly, 8f.c 2 FpcH - (f i FrH) 2Im G. On the other hand,

Ker G =Im G:
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Proj ected Matching Equations. Necessary and Suf cient Con ditiol

Proposition
Consider 8¢.c with F a priori xed and H free, and F verifying (ND). Let

compute the distributions

¢ = involutive closure spanfW ~ (x)g
82 39
<< > -
W — (X
¢ = involutive closure span _4 ) 5 o
s~ (X) >

and assume that they are regular. Then 8¢.c 2 Fpcn if and only if

dim ¢ =dim ¢:

EEEEEEEEEEEEE
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Proof: A Key Lemma

Given W : R ¥ RI£N gnds: R™ ¥ RY, with g < n. The following statements are
equivalent.

(A) 9H : R" ¥ R such that
W (X)) rH(x) = s(x):

(B) 9H : R"£R ¥ R such that

W(X)rxH(X;z) 1 sX)rzH(Xx;z) = 0 (Bl
rzH(x;z) & 0 (B2
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Proof of Lemma

» (A)D (B)
With H solution of W (X) rH(x) = s(x) de ne H(X;z) 2 H (X) + z, which clearly
solves (B).

» B)D> A
Given H solution of (B1) we know from the Implicit Function Theorem and (B2)
that the equation H(X; z) = 0 admits a (local) solution in z. Let us call this solution
z = H(X), that is

H(X; 2)lz=h(x) = A H(X)) =0;

and
FxH (X 2)jz=H 0 + FzH (X 2)j2=H g FH(X) = 0:

Using again (B2) we obtain

il
rzH (X; Z)jzzH (x)

rHXx) = FxH (X 2)jz2=H (x):

A e IITBombay, Summer 2005 p.64/124

Supélc



cont'd

Replacing this expression in (A) we get

|
rxH(Xx;z) jz=H(x) i S(X)

il
rzH(X; z)

_ il NG .

ol ST IW(x) rng, Z)jZ:H(x)} i S(X)

i SOOI zHACG2)jz=H (%)

WXrHXx) § s(x) = W(X)

where we have used (B1) to get the underbrace.

Since the right hand side is equal to zero H(x) solves (A).

A % o o IITBombay, Summer 2005 p.65/124

Supélc



3. Standard PBC

®» Procedure
® |dentify the passivity properties of the system.
® Fix the desired energy function in terms of error signals, e.g.,

1
Hg = §e>D(q)e:

® Make a copy" of the system to create an error system with desired passivity
properties.

® Couple them via a power preserving interconnection.

®» Remarks
& Suitable for systems described by Euler Lagrange equations :

D@+ C(q;,9)g+ rV(q) =Bu

® Passivity (u; B=q) follows from D(q) = C(g;q9) + C~(0;q)
® Relies on system inversion" and destroys Lagrangian structure
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Example: Induction Motor

$» Model g
= -=LOJ2RY =
5 5 1IT=¢ i
°z ,+Ri=4 "5 T =10,
= 5 0 ¢ T2 @
> 3 2 3
Lsl Lsrel"p -
where L( ) = 4 > 2 sf 5 is inductance matrix, , =4 *° 5
2 LsreIan Lr|2 »r
i
ux, i=4 = 5 current,

rotor angle, vs stator voltage, ¢ torque, ¢ load torque.
Ir

® Proposition The IM de nes a passive operator with port variables

2 3 2 3
\Y, I

(V;|)4:L(4 > 5.4 °F 5);
il ¢

and storage function electric energy: % oLit(),.
_,-*" NNNNNNNNNNNNNN

- M B\ DELARECHERCHE
1 ¥ ¥ SCENTIFI QUE
Supélec
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Proposed Controller

® Controller in implicit form

8 2 3
Vs
% 1d+R|d:4 S
0
Sc |
§ -d = L( )ig
- (,d:%i(?@lé()id

® Proposition & de nes a passive operator with port variables
2 3 2 3

Y% i
(Vila) = (4 ° 5;4 =0 5).
il id

® [act Given iq4;flg, 8c is realizable via
2 3

; fl
d=etad 795, gy =

Rr

dy Vs = ¥s(5d;¢éd; flg; ):
0 AL s(5d5édi fla; )
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I Power Preserving | nterconnection

® Yields error dynamics 8 such that I ¥ 0 (exp).

~ When applied to current fed machines it coincides with indirect eld
oriented control. —
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4. | nterconnection and Damping Assignment PBC

Consider X = (X)) + g(xX)u. Assume there are matrices
g7 (x); Ja() = idg (X); Ra(x) =RF(X) » 0;

where g7 (x)g(x) = 0; g7 (x) full rank, and a function Hg(x), with x> = arg min Hq(X),
that verify the matching equation

g7 0)F() = g7 (9)[Ia(¥) 1 Ra()IrHy  (ME)
Then, the closed loop system with u = &(x), where
a(x) = [97 ()90 197 ()F[Ia(X) i Ra()IrHg i F(X)g;
takes the port controlled Hamiltonian (PCH) form
X =[Ja(X) i Ra(X)]rHg;
with X» a stable equilibrium.
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I Universal Stabilizing Property of IDA PBC

Lemma
If x~is asymptotically stable for x = f(x); f(x) 2 C then 9H4(x) 2 C1, positive
de nite, and C° functions

Ja(X) = iJg (X); Ra(X) = R7(x) . 0

such that
FOO = [Ja0) § Ry 20d
@x

Corollary
If 90(X) 2 C! that asymptotically stabilizes the PCH system, then
9J4(X); Rg(x) 2 C° and Hy(X) 2 C* which satisfy the conditions of the

IDA PBC theorem . I
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| DA PBC asa State M odulated | nterconnection

® For systems with pervasive damping need non passive controllers!
® Controller as an (in nite energy) source
= I — Uc

8c:. _
Tty = O

with energy function He(t) = i &.
& State modulated (power preserving) interconnection 8§,
2 3 2 32 3
4 US) 5 _4 0 i00) g4 V() g
uc(s) G(x) 0 ye(s)

® Overall interconnected PCH system (with total energy H(X) + Hc (1))
2 3 2 32 3
t 0~ (X)g~ (X) 0 S al)
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I When is | DA an Energy Balancing PBC?

® Plantis a PCH system
H _  _@H
X =[309 i R(x)]%— +goou; y =g=00 20
X @x

® The PDE becomes

97091409 § RaGAIZEE = 1976913000 1 369 § Ra(9) + RO

to be solved for Ha(X) and form Hy(xX) = H(X) + Ha(X).
® If Ry(x) = R(X), and satis es

Re) L2 0 = o;
@x

that is, no shaping of coordinates with damping, then

Ha=ju"y ., IDAPBCIis energy balancing: I
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