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Summary. In this chapter we develop schemes for synchronization of bilateral teleoperators.
It is well known that a feedback interconnection of two passive systems is passive. We discuss
an extension of this property to the case when there are heterogeneous, constant communication
delays in the interconnection. If the interconnected systems are output strictly passive, we show
that their feedback interconnection is passive independent of the constant delays. We exploit this
property to achieve delay-independent output synchronization. This result is then used in the
problem of bilateral teleoperation to synchronize the master/slave velocities in free motion. We
also develop an architecture that guarantees state synchronization of the master/slave robots in
free motion independent of the constant delay. Experimental results are presented to verify the
efficacy of the state-synchronizing architecture.

15.1 Introduction

In this chapter we address the problem of state synchronization in bilateral teleopera-
tion. We refer the reader to [1] for a detailed survey of the various schemes developed
for the problem of bilateral teleoperation. Henceforth, we restrict ourselves to the dis-
cussion of passivity-based methods in bilateral teleoperation.

The passivity-based-approach developed in [2] and [3] has been the cornerstone of
teleoperator control for the last two decades. Subsequent schemes, building upon the
above two approaches, have been proposed in [4, 5, 6, 7, 8, 9, 10, 11, 12] among oth-
ers, to provide performance improvement via position feedback, impedance matching,
robustness to time-varying delays and various other objectives.

However, most passivity-based architectures, notable exceptions being [6, 9, 11],
dictate transfer of velocity information between the master and the slave. Consequently,
mismatch of initial conditions can result in position drift between the master and the
slave robots. Therefore, development of a stable high performance bilateral teleoperator
necessitates transmission of position information between the master and the slave.
This has been attempted in [6, 9], where the coupling gains were delay dependent,
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and in [11] where position information was encoded by transmitting the integral of the
wave-variables [3].

The performance goals in bilateral teleoperation are:

G1: Demonstrate ultimate boundedness of master/slave trajectories, in both free and
constrained motion, independent of the time delay.

G2: Synchronize the configuration variables of the master and the slave robot when the
slave is allowed to move freely.

G3: Ensure that the force tracking error between the human operator force, and the
environmental force experienced by slave on hard contact with the environment, is
ultimately bounded.

In this chapter, we concentrate on the first and the second goal in free motion. We
study feedback interconnections of passive systems with delays in Sec. 15.2 and de-
velop an output synchronizing control law. The proposed control law is then used for
constructing velocity and state-synchronizing algorithms for bilateral teleoperators in
Sec. 15.3. Experimental results for the state-synchronizing architecture are presented
in Sec. 15.4. Finally in Sec. 15.5, we summarize the results and discuss some future
directions of work.

15.2 Passivity

The concept of passivity is one of the most physically appealing concepts of system
theory [14] and, as it is based on input-output behavior of an system, is equally appli-
cable to both linear and nonlinear systems. Most of the ideas presented in this section
are from [15]. Consider a dynamical system represented by the state space model

ẋ = f(x, u) (15.1)

y = h(x, u) (15.2)

where f : Rn×Rp → Rn is locally Lipschitz, h: Rn×Rp → Rp is continuous, f(0, 0) =
0, h(0, 0) = 0 and the system has the same number of inputs and outputs.

Definition 1. The dynamical system (15.1)-(15.2) is said to be passive if there exists a
continuously differentiable non-negative definite scalar function V (x): Rn → R (called
the storage function) such that

uT y ≥ V̇ , ∀(x, u) ∈ Rn × Rp

Moreover, the system is said to be

• strictly passive if uT y ≥ V̇ + S(x) for some positive definite function S(x)
• lossless if uT y=V̇
• input strictly passive if uT y ≥ V̇ +uT ψ(u), where uT ψ(u) > 0 for some function

ψ and ∀u �= 0
• output strictly passive if uT y ≥ V̇ + yT ρ(y), where yT ρ(y) > 0 for some function

ρ and ∀y �= 0
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Fig. 15.1. A feedback interconnection

15.2.1 Feedback Interconnection of Passive Systems

At this point we recall a fundamental property of interconnection of passive systems.
Assuming that the interconnection is well-posed (see [15]), consider the feedback con-
nection of Fig. 15.1, where each of the feedback components is a time-invariant dynam-
ical system represented by the state model

ẋi = fi(xi, ei)
yi = hi(xi, ei)

(15.3)

The closed-loop (composed of the components H1 and H2) then takes the form

ẋ = f(x, u)
y = h(x, u) (15.4)

where x =
(

x1
x2

)
, u =

(
u1
u2

)
, y =

(
y1
y2

)
. A fundamental result on the feedback

interconnection of passive system is the following

Theorem 1. The feedback connection of two passive systems is passive.

We refer the reader to [15] for a proof of this result. A similar property follows when
the two systems are output strictly passive with

eT
i yi ≥ V̇i + δiy

T
i yi δi > 0 i = 1, 2 (15.5)

In this case it is possible to show that

uT y ≥ V̇ + δyT y

where V (x) = V1(x1) + V2(x2) and δ = min{δ1, δ2}.
The effect of delays on linear interconnections of passive systems has been studied

in [16] and in the context of large-scale systems in [17]. We next study the extension of
the aforementioned interconnection properties to the case when the outputs are delayed.
The subsequent result is closely related to the work in [16] where the notion of quasi-
dominance was used.
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Consider the scenario illustrated in Fig. 15.2 where the delays in the forward and the
feedback loop are assumed to be constant and heterogeneous. Our main result in this
section follows

Theorem 2. Consider two output strictly passive systems described by (15.1), (15.2),
(15.5) and Fig. 15.2 along with the constant communication delays. Then the feedback
interconnection is

1. Passive if δ1 = δ2 = 1.
2. Strictly output passive if δ1 = δ2 > 1

Proof. Consider the case when δ1 = δ2 = 1. Then,

eT
i yi ≥ V̇i + yT

i yi i = 1, 2 (15.6)

Using the feedback connection of Fig. 15.2, we have

V̇1 + V̇2 = eT
1 y1 + eT

2 y2 − yT
1 y1 − yT

2 y2

= (u1 − y2(t − T2))T y1 + (u2 + y1(t − T1))T y2 − yT
1 y1 − yT

2 y2

= uT
1 y1 + uT

2 y2 − y2(t − T2)T y1 + y1(t − T1)T y2 − yT
1 y1 − yT

2 y2

≤ uT
1 y1 + uT

2 y2 +
1
2
(y2(t − T2)T y2(t − T2) + yT

1 y1)

+
1
2
(y1(t − T1)T y1(t − T1) + yT

2 y2) − yT
1 y1 − yT

2 y2

≤ uT
1 y1 + uT

2 y2 − 1
2
(yT

2 y2 − y2(t − T2)T y2(t − T2))

−1
2
(yT

1 y1 − y1(t − T1)T y1(t − T1))

≤ uT
1 y1 + uT

2 y2 − 1
2

d

dt

(∫ t

t−T1

yT
1 y1dk +

∫ t

t−T2

yT
2 y2dk

)
⇒ V̇1 + V̇2 + V̇channel ≤ uT

1 y1 + uT
2 y2 = uT y

where

Vchannel =
1
2

d

dt

(∫ t

t−T1

yT
1 y1dk +

∫ t

t−T2

yT
2 y2dk

)
Therefore, the feedback interconnection is passive with V (x) = V1(x1) + V2(x2) +
Vchannel as the storage function.

Inorder to prove the second claim, it follows from the above calculations that when
δ1 = δ2 > 1,

V̇1 + V̇2 + V̇channel ≤ uT
1 y1 + uT

2 y2 − (δ1 − 1)yT
1 y1 − (δ2 − 1)yT

2 y2

≤ uT y − δcy
T y

where δc = min{(δ1 − 1), (δ2 − 1)}. Hence the feedback interconnection is output
strictly passive when δ1 = δ2 > 1.
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Fig. 15.2. A feedback interconnection with delays
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Fig. 15.3. An output synchronizing feedback interconnection

It is well known [14] that output strict passivity can be induced in a passive system
with the choice of the control input ui = −yi. Using this fact and Theorem 2, we pro-
pose an output synchronizing control law (see related work in [18, 19]) for the coupled
passive systems. The control schematic is illustrated in Fig. 15.3.

Theorem 3. Consider two passive systems described by (15.1), (15.2) and Fig. 15.3
along with the constant communication delays. Then,

1. The signals (y2(t − T2) − y1), (y1(t − T1) − y2) ∈ L2[0, ∞).
2. If ẏ1, ẏ2 ∈ L∞[0, ∞), the agents output synchronize in the sense that

lim
t→∞ |y2(t − T2) − y1| = lim

t→∞ |y1(t − T1) − y2| = 0
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Proof. Passivity of the individual systems implies that

V̇1 + V̇2 ≤ eT
1 y1 + eT

2 y2

Observing Fig. 15.3, the above differential inequality can be rewritten as

V̇1 + V̇2 ≤ (y2(t − T2) − y1)T y1 + (y1(t − T1) − y2)T y2

≤ y2(t − T2)T y1 + y1(t − T1)T y2 − yT
1 y1 − yT

2 y2

≤ 1
2

(
−(y2(t − T2)−y1)T (y2(t − T2)−y1)−(y1(t − T1)−y2)T (y1(t − T1)−y2)

+y2(t − T2)T y2(t − T2) + y1(t − T1)T y1(t − T1) − yT
1 y1 − yT

2 y2

)
≤ 1

2

(
−(y2(t − T2)−y1)T (y2(t − T2)−y1)−(y1(t − T1)−y2)T (y1(t − T1)−y2)

)
−V̇channel

⇒ V̇1 + V̇2 + V̇channel ≤ 1
2

(
− (y2(t − T2) − y1)T (y2(t − T2) − y1)

−(y1(t − T1) − y2)T (y1(t − T1) − y2)
)

Integrating the above equation, it is easy to see that the signals (y2(t−T2)−y1), (y1(t−
T1) − y2) ∈ L2[0, ∞), and hence the first claim holds.

To prove the second claim, it is important to note that a L2[0, ∞) signal with a
bounded derivative converges asymptotically to the origin (pp. 116, [13]). If ẏ1, ẏ2 ∈
L∞[0, ∞), the derivatives of the signals (y2(t−T2)−y1), (y1(t−T1)−y2) are bounded.
The second claim follows from the above discussion.

15.3 Application to Bilateral Teleoperation

We next apply the above ideas in the context of bilateral teleoperation. Neglecting fric-
tion or other disturbances, the Euler-Lagrange equations of motion for n-link master
and slave robots are given as [20]

Mm(qm)q̈m + Cm(qm, q̇m)q̇m + gm(qm) = Fh + τm

Ms(qs)q̈s + Cs(qs, q̇s)q̇s + gs(qs) = τs − Fe
(15.7)

where qm, qs are the n×1 vectors of joint displacements, q̇m, q̇s are the n×1 vectors
of joint velocities, τm, τs are the n×1 vectors of applied torques, M(q) is the n×n
symmetric positive definite manipulator inertia matrix, C(q, q̇) is the n×n matrix of
Centripetal and Coriolis torques and g(q) = ∂P

∂q is the gradient of the gravitational po-
tential energy P (q). Also, Fh is the human operator force and Fe is the environmental
force acting on the slave robot when it contacts the environment. We list here funda-
mental properties of the master and slave robots that we use in the subsequent analysis

• Property 1: The inertia matrix M(q) is symmetric positive definite and there exists
a positive constant m such that mI ≤ M(q).
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• Property 2: The Lagrangian dynamics are linearly parameterizable which gives us
that

M(q)q̈ + C(q, q̇)q̇ + g(q) = Y1(q, q̇, q̈)θ

where θ is a constant p-dimensional vector of inertia parameters (such as link
masses, moments of inertia etc.) and Y1 is an n × p matrix of known functions
of the generalized coordinates (qm, qs) and their higher derivatives.

• Property 3: Under an appropriate definition of the matrix C, the matrix Ṁ - 2C is
skew symmetric

We study synchronization of bilateral teleoperators in the free motion scenario, and
therefore develop synchronization schemes when Fh, Fe = 0. These forces can be
easily included in the subsequent analysis provided they satisfy the passivity property
with respect to the appropriate outputs. At the end of the subsequent synchronization
schemes, we will point the reader to appropriate references where the human opera-
tor and environment forces have been taken into consideration and briefly discuss the
schemes.

15.3.1 Master-Slave Velocity Synchronization

We first develop an algorithm that guarantees velocity synchronization for the bilateral
teleoperator. The master/slave robots are said to velocity synchronize if

lim
t→∞ |q̇m(t − T1) − q̇s| = 0 ; lim

t→∞ |q̇s(t − T2) − q̇m| = 0 (15.8)

Let the preliminary master/slave torques be given as

τm = τ̄m + gm ; τs = τ̄s + gs (15.9)

where τ̄m, τ̄s are the output-synchronizing torques that will be designed subsequently.
The master/slave dynamics are now given as

Mm(qm)q̈m + Cm(qm, q̇m)q̇m = τ̄m

Ms(qs)q̈s + Cs(qs, q̇s)q̇s = τ̄s
(15.10)

The skew-symmetry property (Property 3) implies passivity of (15.10) from input τ̄i

to output q̇i [20]. This can be demonstrated by choosing

Vi(qi, q̇i) =
1
2
q̇T
i Mi(qi)q̇i i = m, s (15.11)

as the positive semi-definite storage function for the system. Differentiating Vi along
trajectories of (15.10) we have

V̇i = q̇T
i (−Ciq̇i + τ̄i) +

1
2
q̇T
i Ṁiq̇i

= q̇T
i τ̄i (Using Property 3)

and hence the dynamics are passive with (τ̄i, q̇i) as the input-output pair.
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In context of Fig. 15.3, the dynamical system (15.10) can be written as

H1

{
Mm(qm)q̈m + Cm(qm, q̇m)q̇m = τ̄m

ym = q̇m
(15.12)

H2

{
Ms(qs)q̈s + Cs(qs, q̇s)q̇s = τ̄s

ys = q̇s
(15.13)

Following Theorem 3, the velocity-synchronizing torques are given as

τ̄m = q̇s(t − T2) − q̇m ; τ̄s = q̇m(t − T1) − q̇s (15.14)

Velocity synchronization for the teleoperator system can be demonstrated (see Theo-
rem 3) by choosing

V =
1
2

(
q̇T
mMm(qm)q̇m + q̇T

s Ms(qs)q̇s +
∫ t

t−T1

q̇T
mq̇mdk +

∫ t

t−T2

q̇T
s q̇sdk

)
as the positive semi-definite storage function for the teleoperator system. Using
Theorem 3,

V̇ = −1
2

(
(q̇s(t−T2)−q̇m)T (q̇s(t−T2)−q̇m)+(q̇m(t−T1)−q̇s)T (q̇m(t−T1)−q̇s)

)
Therefore, the signals (q̇s(t − T2) − q̇m), (q̇m(t − T1) − q̇s) ∈ L2[0, ∞). Additionally,
as V̇ is negative semi-definite, q̇m, q̇s ∈ L∞[0, ∞). Noting that ||Ci(qi, q̇i)|| ≤ kc||q̇i||,
where kc > 0 and || · || denotes the induced norm for a matrix and the Euclidean norm
for a vector, from the system dynamics (15.12), (15.13), q̈m, q̈s ∈ L∞[0, ∞). Invoking
the second claim of Theorem 3,

lim
t→∞ |q̇s(t − T2) − q̇m| = lim

t→∞ |q̇m(t − T1) − q̇s| = 0

Remark 1. In addition to velocity synchronization, it is possible to guarantee that the
master/slave velocities converge to the origin. This can be achieved by choosing the
coupling controls as

τ̄m = (q̇s(t − T2) − q̇m) − δdq̇m

τ̄s = (q̇m(t − T1) − q̇s) − δdq̇s δd > 0 (15.15)

Remark 2. The human operator and the environment forces can be included in the above
analysis provided the input-output pairs (−Fh, q̇m), (Fe, q̇s) are passive [6, 9].

In context of goal G3, using the coupling control (15.15), and on being manipulated by
a passive human operator, good force reflection will not be generated on contact with a
passive environment. This is due to the asymptotic convergence of the torques τ̄m, τ̄s to
the origin. To overcome this difficulty, and also achieve position synchronization, trans-
mission of position information was advocated in [6, 9]. The proposed schemes resulted
in static force reflection on contact with the environment. However, to ensure stability,
the position gains were required to be delay-dependent. We next propose a scheme
that guarantees delay-independent state synchronization of the master/slave robots in
free-motion.
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15.3.2 Master-Slave State Synchronization

In free motion, the bilateral teleoperator is said to state synchronize if

limt→∞ |qm(t − T1) − qs| = limt→∞ |q̇m(t − T1) − q̇s| = 0
limt→∞ |qs(t − T2) − qm| = limt→∞ |q̇s(t − T2) − q̇m| = 0 (15.16)

It is well known that passivity can be induced in a Lagrangian system with a dif-
ferent choice of output and a preliminary feedback control. This is know as Feedback
Passivation [14]. We use this idea to achieve passivity with respect to an output from
which both the position and velocity information are available. To this end, choose a
preliminary control input for the master and slave robots as

τm = τ̄m − M̂m(qm)λq̇m − Ĉm(qm, q̇m)λqm + ĝm(qm)
τs = τ̄s − M̂s(qs)λq̇s − Ĉs(qs, q̇s)λqs + ĝs(qs)

(15.17)

where M̂i, Ĉi, ĝi i = m, s are the estimates of the respective matrices available at that
instant, λ is a constant positive definite matrix, and τ̄m, τ̄s are the synchronizing torques
that will be described below. As the dynamics are linearly parameterizable (Property 2),
the motor torques can also be written as

τm = τ̄m − Ym(qm, q̇m)θ̂m ; τs = τ̄s − Ys(qs, q̇s)θ̂s

where Ym, Ys are known functions of the generalized coordinates, and θ̂m, θ̂s are the
time-varying estimates of the manipulators’ actual constant p dimensional inertial pa-
rameters given by θm, θs respectively. The master and slave dynamics (15.7) (with
Fh, Fe=0) reduce to

q̇m = −λqm + rm

Mmṙm + Cmrm = Ymθ̃m + τ̄m

q̇s = −λqs + rs

Msṙs + Csrs = Ysθ̃s + τ̄s

(15.18)

where rm, rs are the new outputs of the master and slave robots respectively, and θ̃m =
θm − θ̂m, θ̃s = θs − θ̂s are the estimation errors. Let the time-varying estimates of the
uncertain parameters evolve as

˙̂
θm = ΓmY T

m rm ; ˙̂
θs = ΓsY

T
s rs (15.19)

where Γm and Γs are constant positive definite matrices. Therefore, in context of
Fig. 15.3, the bilateral teleoperator system can be viewed as an interconnection of two
systems given by

H1

⎧⎪⎪⎨⎪⎪⎩
q̇m = −λqm + rm

Mmṙm + Cmrm = Ymθ̃m + τ̄m

˙̂
θm = ΓmY T

m rm

ym = rm

(15.20)
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H2

⎧⎪⎪⎪⎨⎪⎪⎪⎩
q̇s = −λqs + rs

Msṙs + Csrs = Ysθ̃s + τ̄s

˙̂
θs = ΓsY

T
s rs

ys = rs

(15.21)

Consider a positive semi-definite storage function for the master/slave robot as

Vi(qi, ri, θ̃i) =
1
2

(
rT
i Mi(qi)ri + θ̃T

i Γ−1
i θ̃i

)
i = m, s (15.22)

The derivative of this storage function, along trajectories of Hi, is given as

V̇i = rT
i (−Ciri + Yiθ̃i + τ̄i) +

1
2
rT
i Ṁiri − θ̃T

i Y T
i ri

= rT
i τ̄i

Thus, H1, H2 are passive with (τ̄m, rm), (τ̄s, rs) as the input-output pairs respectively.
To state synchronize the master/slave robots, the synchronizing torques for the mas-

ter and slave robots are given as

τ̄s = (rm(t − T1) − rs) ; τ̄m = (rs(t − T2) − rm) (15.23)

It is to be noted that

rm(t − T1) − rs = (q̇m(t − T1) + λqm(t − T1)) − (q̇s + λqs)
= ėm + λem

(15.24)

where em = qm(t − T1) − qs. Similarly rs(t − T2) − rm = ės + λes where es =
qs(t − T2) − qm. (15.24) represents an exponentially stable linear system with input
rm(t − T1) − rs. It follows that if (rm(t − T1) − rs), (rs(t − T2) − rm) are L2[0, ∞)
signals that converge asymptotically to zero, then

lim
t→∞ |em| = lim

t→∞ |es| = lim
t→∞ |ėm| = lim

t→∞ |ės| = 0

from which state synchronization follows immediately.
Using (15.22), the positive semi-definite storage function for the bilateral teleopera-

tor described by (15.20), (15.21), (15.23) and Fig. 15.3 is given as

V = Vm + Vs +
1
2

( ∫ t

t−T1

rT
mrmdk +

∫ t

t−T2

rT
s rsdk

)
From Theorem 3, the derivative of V along trajectories of the system is given as

V̇ = −1
2

(
(rs(t−T2)−rm)T (rs(t−T2)−rm)+(rm(t−T1)−rs)T (rm(t−T1)−rs)

)
and hence, the signals (rm(t − T1) − rs), (rs(t − T2) − rm) ∈ L2[0, ∞). As V̇ is neg-
ative semi-definite, rm, rs, θ̃s, θ̃m ∈ L∞[0, ∞). Consequently, from (15.20), (15.21),
q̇m, qm, q̇s, qs ∈ L∞[0, ∞) and therefore, the derivatives ṙm, ṙs ∈ L∞[0, ∞). The
second claim of Theorem 3 then gives us that

lim
t→∞ |rs(t − T2) − rm| = lim

t→∞ |rm(t − T1) − rs| = 0

State synchronization follows from the earlier discussion.
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Remark 3. If the human-operator force is given as Fh = −Khq̇m, then it is possi-
ble to show that in addition to state-synchronization, the master/slave velocities go the
origin [21].

Remark 4. If the human operator and the environment models are given as

Fh = αo − αmrm ; Fe = αsrs (15.25)

where αo, αm, αs are bounded positive constants, then the trajectories are ultimately
bounded independent of the constant delay [21].

15.4 Experiments

In this section, we test the proposed state synchronization scheme under time-varying
delays and packet losses. The experiments were performed on two direct-drive, planar,
two-degree-of freedom nonlinear robots exchanging information across a stochastic In-
ternet model. Force sensors, located on the end-effectors, measure the force exerted by
the operator/environment. The controllers and the Internet model were implemented us-
ing Wincon 3.3, which is a Windows application used for running real-time Simulink
models.

In the experiments, time-varying delays from the master to the slave and vice versa,
were fluctuating between (0.448, 0.544)s. The mean delay was 0.48s with a standard
deviation of 0.022s. The packet loss rate in the experiments ranged from 45-55 percent.
In the free motion experiment, as seen in Fig. 15.4, the tracking performance is good in
the face of time-varying delays and packet losses. The steady state errors were 0.0853
rad and 0.1125 rad for the first and second link respectively.

In the next experiment, the motion of the slave (the second link) is constrained by
an aluminium wall, approximately during the (8,17)s of motion. The trajectories of the
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Fig. 15.4. Master and slave trajectories during free motion
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Fig. 15.5. Master and slave trajectories in the constrained motion experiment
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Fig. 15.6. Human operator and environment force in the constrained motion experiment

master/slave robots are shown in Fig. 15.5. The human operator/environment forces at
the end effectors, are plotted in Fig. 15.6, and thus the proposed algorithm provides
reasonable force tracking on contact with the environment.

15.5 Conclusions and Future Work

In this chapter we developed synchronization algorithms for bilateral teleoperators. The
problem of passivity in feedback interconnection of passive systems with delays was
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studied. If the individual systems are output strictly passive, it was shown that their
feedback interconnection is passive independent of the constant delays. This property
was then exploited to output synchronize the individual systems independent of the
constant delays.

The synchronization result was first applied to the problem of bilateral teleoperation
to synchronize the master/slave velocities in free motion. To improve tracking perfor-
mance, a second architecture was also proposed that guaranteed state synchronization of
the master/slave robots in free motion independent of the constant delay. Experimental
results were also presented to test the state-synchronizing architecture.

There is considerable work still to be done. The realistic case of time-varying de-
lays needs to be addressed. The approach in [4] is likely to maintain passivity of the
state-synchronizing teleoperator, provided the rate of change of the delay is bounded.
However, state synchronization with time-varying delays is an open problem. The prob-
lem of static force reflection in the state-synchronizing architecture, with a non-passive
human operator is also interesting. Finally, teleoperating teams of robots, rather than a
single slave robot, will open up new challenges in the field.

Acknowledgements. The authors would like to thank Erick. J. Rodrı́guez-Seda for pro-
viding the experimental data.
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