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Abstract. In this paper, we consider the manifold of covariance matrices of ordern parametrized
by reflection coefficients which are derived from Levinson’srecursion of autoregressive model. The
explicit expression of the reparametrization and its inverse are obtained. With the Riemannian metric
given by the Hessian of a Kähler potential, we show that the manifold is in fact a Cartan-Hadamard
manifold with lower sectional curvature bound−4. The explicit expressions of geodesics are also
obtained. After that we introduce the notion of Riemannian median of points lying on a Riemannian
manifold and give a simple algorithm to compute it. Finally,some simulation examples are given to
illustrate the applications of the median method to radar signal processing.
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INTRODUCTION

Covariance matrices are basic tools in signal processing and there are many ways to
study them. A geometric method is to regard them as the manifold Pn consisting of
all the Hermitian (or symmetric) positive definite matricestogether with the canonical
Riemannian metric [23] which can be derived by applying the method of information
geometry to the multivariate normal distributions of zero mean. This metric [10] is also
the unique metric which is invariant by the actions of the groupGL(n). Having this met-
ric the machinery of Riemannian geometry can be started to investigate various prop-
erties of covariance matrices. For example, we can calculate explicitly the geodesics,
the Riemannian distance, the curvature tensor and so on. ThemanifoldPn is a Cartan-
Hadamard manifold having many geometric properties; an interesting property is given
by the barycenter or the Fréchet mean of points which gives a notion of centrality of
data lying inPn. The general properties of barycenters are studied in [1], [2], [3], [13]
and [18]. The barycenter is also used in [21] as a basic tool todevelop statistics on Rie-
mannian manifolds. But one drawback of the barycenter is that it is not robust and it is
sensitive to outliers. A good substitute is the geometric median which is an robust esti-
mator for centrality of data points. So that medians are morepreferred than barycenters
in perturbed environment. We refer to [16] and [25] for some basic materials on this
subject.

Stationary signal often arises in the theory of signal processing and in this case the
covariance matrices are Toeplitz matrices due to the stationarity of the signal. Then it is
easily seen that the manifoldPn is too large to study the geometry of these covariance



matrices and it is necessary to work directly with the manifold Tn consisting of all the
Toeplitz Hermitian positive definite matrices of dimensionn which is a submanifold of
Pn. For calculation purposes, possibly the first problem is thechoice of coordinates. To
cope with this problem, [5] [6] [7] [8] introduced the reflection coefficients coordinate
furnished by Levinson’s recursion of autoregressive modelunder which the metric is
diagonal [12], hence the geodesics and the Riemannian distance can be easily calculated.
This gives the possibility of further study of the geometry of Tn.

The aim of this paper is to give some basic geometric facts of the manifoldTn and
their applications. Firstly, we give the explicit expression of the reflection coefficients as
well as the inverse of this change of coordinates. Secondly,we show that with the Rie-
mannian metric introduced in [6] this manifold is a Cartan-Hadamard manifold whose
sectional curvatures are bounded below by−4. Then we calculate the explicit expres-
sions of geodesics in this manifold. After that, we introduce the notion of Riemannian
median of points lying on a Riemannian manifold and give a simple algorithm to com-
pute it. Finally, some numerical simulations are given to illustrate the applications of the
median method to radar signal processing.

REFLECTION COEFFICIENTS PARAMETRIZATION

Let Tn be the set of Toeplitz Hermitian positive definite matrices of ordern. It is an open
submanifold ofR2n−1. Each elementRn ∈ Tn can be written as
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For every 1≤ k≤ n−1, the upper left(k+1)-by-(k+1) corner ofRn is denoted byRk.
It is associated to ak-th order autoregressive model whose Yule-Walker equationis
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wherea(k)
1 , . . . ,a(k)

k are the optimal prediction coefficients andPk = detRk+1/detRk is
the mean squared error.

The last optimal prediction coefficienta(k)
k is called thek-th reflection coefficient

and is denoted byµk. It is easily seen thatµ1, . . . ,µn−1 are uniquely determined by the
matrixRn. Moreover, the classical Levinson’s recursion [24] gives that|µk| < 1. Hence,
by lettingP0 = r0, we obtain a map between two submanifolds ofR2n−1:

ϕ : Tn −→ R∗
+×Dn−1, Rn 7−→ (P0,µ1, . . . ,µn−1),



whereD = {z∈ C : |z| < 1} is the unit disc of the complex plane.
This map is a diffeomorphism, so that it is a reparametrization of covariance matrices

in terms of reflection coefficients. It will be seen that underthese coordinates the Rie-
mannian metric ofTn has a very simple form and lots of calculations can be simplified.
Hence it is necessary to obtain the explicit expressions ofϕ and its inverse. On the one
hand, the closed form of the reflection coefficients can be easily obtained by Cramer’s
rule:

µk = (−1)k detSk

detRk
, where Sk = Rk+1

(

2, . . . ,k+1
1, . . . ,k

)

is the submatrix ofRk+1 obtained by deleting the first row and the last column. On
the other hand, if(P0,µ1, . . . ,µn−1) ∈ R∗

+ ×Dn−1, then by using the method of Schur
complement [26], its inverse imageRn under ϕ can be calculated by the following
algorithm:

r0 = P0, r1 = −P0µ1,

rk = −µkPk−1+αT
k−1Jk−1R−1

k−1αk−1, 2≤ k≤ n−1,

where

αk−1 =





r1
...

rk−1



 , Jk−1 =







0 . . . 0 1
0 . . . 1 0

. . .
1 . . . 0 0






and Pk−1 = P0

k−1

∏
i=1

(1−|µi |2).

RIEMANNIAN METRIC OF Tn

From now on, we regardTn as a Riemannian manifold whose metric, which is intro-
duced in [6] by the Hessian of the Kähler potential (see [4] for the definition of a Kähler
potential)Φ(Rn) = − ln(detRn)−nln(πe), is given by

ds2 = n
dP2

0

P2
0

+
n−1

∑
k=1

(n−k)
|dµk|2

(1−|µk|2)2 ,

where (P0,µ1, . . . ,µn−1) = ϕ(Rn). With this metric the spaceR∗
+ × Dn−1 is just the

product of the Riemannian manifolds(R∗
+,ds2

0) and (D,ds2
k)1≤k≤n−1, where ds2

0 =

n(dP2
0/P2

0 ) and ds2
k = (n− k)|dµk|2/(1− |µk|2)2. The latter is justn− k times the

classical Poincaré metric ofD. Hence(R∗
+×Dn−1,ds2) is a Cartan-Hadamard manifold

whose sectional curvaturesK verify −4≤K ≤ 0. The Riemannian distance between two
different pointsx andy in R∗

+×Dn−1 is given by

d(x,y) =

(

nσ(P,Q)2+
n−1

∑
k=1

(n−k)τ(µk,νk)
2
)1/2

,



wherex = (P,µ1, . . . ,µn−1), y = (Q,ν1, . . . ,νn−1),

σ(P,Q) = | ln(
Q
P

)| and τ(µk,νk) =
1
2

ln
1+ | νk−µk

1−µ̄kνk
|

1−| νk−µk
1−µ̄kνk

|
.

GEODESICS IN Tn

The geodesic fromx to y in Tn parametrized by arc length is given by

γ(s,x,y) = (γ0(
σ(P,Q)

d(x,y)
s),γ1(

τ(µ1,ν1)

d(x,y)
s), . . . ,γ1(

τ(µn−1,νn−1)

d(x,y)
s)),

whereγ0 is the geodesic in(R∗
+,ds2

0) from P to Q parametrized by arc length and for
1≤ k ≤ n−1, γk is the geodesic in(D,ds2

k) from µk to νk parametrized by arc length.
More precisely,

γ0(t) = Pet sign(Q−P),

and for 1≤ k≤ n−1,

γk(t) =
(µk +eiθk)e2t +(µk−eiθk)

(1+ µ̄keiθk)e2t +(1− µ̄keiθk)
, where θk = arg

νk−µk

1− µ̄kνk
.

Particularly,

γ ′(0,x,y) = (γ ′0(0)
σ(P,Q)

d(x,y)
,γ ′1(0)

τ(µ1,ν1)

d(x,y)
, . . . ,γ ′n−1(0)

τ(µn−1,νn−1)

d(x,y)
).

Let v = (v0,v1, . . . ,vn−1) be a tangent vector inTx(R∗
+ ×Dn−1), then the geodesic

starting fromx with velocityv is given by

ζ (t,x,v) = (ζ0(t),ζ1(t), . . . ,ζn−1(t)),

whereζ0 is the geodesic in(R∗
+,ds2

0) starting fromP with velocity v0 and for 1≤ k ≤
n−1, ζk is the geodesic in(D,ds2

k) starting fromµk with velocityvk. More precisely,

ζ0(t) = Pe
v0
P t ,

and for 1≤ k≤ n−1,

ζk(t) =
(µk +eiθk)e

2|vk|t
1−|µk|2 +(µk−eiθk)

(1+ µ̄keiθk)e
2|vk|t

1−|µk|2 +(1− µ̄keiθk)

, where θk = argvk.



COMPUTING RIEMANNIAN MEDIAN

In this section, we give some basic facts about the Riemannian median which are needed
to estimate Doppler ambience and we refer to [25] for more details of mathematical
treatment of this subject.

Let M be a complete Riemannian manifold with Riemannian distanced. We consider
some different pointsp1, . . . , pN in M, which are contained in an open ballB(a,ρ)
centered ata with a finite radiusρ . Let δ and∆ be respectively a lower and an upper
bound of sectional curvatures in̄B(a,ρ). The injectivity radius ofB̄(a,ρ) is denoted by
inj(B̄(a,ρ)). Furthermore, we assume that the radius of the ball verifies

ρ < min
{ π

4
√

∆
,

inj (B̄(a,ρ))

2

}

,

where if∆ ≤ 0, thenπ/(4
√

∆) is interpreted as+∞.
If the pointsp1, . . . , pN are not contained in a single geodesic, then the function

f : B̄(a,ρ)−→ R+ , x 7−→ 1
N

N

∑
i=1

d(x, pi)

has a unique minimum pointm, which is called the Riemannian median ofp1, . . . , pN.
Furthermore,m is characterized by the condition that for everyx∈ B̄(a,ρ),

x = m ⇐⇒
{

|H(x)| ≤ 1/N, if x∈ {p1, . . . , pN};
H(x) = 0, otherwise,

whereH(x) is a tangent vector ofM at x defined by

H(x) =
1
N ∑

1≤i≤N
pi 6=x

−exp−1
x pi

d(x, pi)
.

As a particular case of the above characterization, we obtain that

H(x) = 0 =⇒ x = m.

In order to compute Riemannian medians in practical cases, we use the following
subgradient algorithm:

Initializing x1 ∈ B̄(a,ρ),

Do xk+1 = expxk
(−tk

H(xk)

|H(xk)|
),

While H(xk) 6= 0.

To ensure the convergence of the above algorithm to the Riemannian medianm of points
p1, . . . , pN, we can choose the stepsizes(tk)k in a small interval(0,ε) and such that

lim
k→∞

tk = 0 and
∞

∑
k=1

tk = +∞.



Moreover, the constantε can be computed explicitly as long asδ and∆ are known. For
example, in the case of the manifoldTn of covariance matrices, we know thatδ = −4
and∆ = 0, so one may chooseε = 1/4.

APPLICATIONS TO RADAR TARGET DETECTION

We give some simulated examples of the median method appliedto radar target detec-
tion. Since the autoregressive spectra are closely relatedto the speed of targets, we shall
first investigate the spectral performance of the median method. In order to illustrate the
basic idea, we only consider the detection of one fixed direction. The range along this
direction is subdivided into 200 lattices in which we add twotargets, the echo of each
lattice is modeled by an autoregressive process. The following Figure 1 gives the initial
spectra of the simulation, wherex axis represents the lattices andy axis represents fre-
quencies. Every lattice is identified with a 1×8 vector of reflection coefficients which is
calculated by using the regularized Burg algorithm to the original simulating data. The
spectra are represented by different colors whose corresponding values are indicated in
the colormetric on the right.
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FIGURE 1. Initial spectra with two added targets

For every lattice, by using the preceding algorithm, we calculate the median of the
window centered on it and consisting of 15 lattices and then we get the spectra of
medians shown in Figure 2. Furthermore, by comparing it withFigure 3 which are
spectra of Fréchet means, we see that in the middle of the meanspectra, just in the
place where the second target appears, there is an obvious distortion. This explains that
median is much more robust than mean when outliers come.

The principle of target detection is that a target appears ina lattice if the distance
between this lattice and the median of the window around it ismuch bigger than that of
the ambient lattices. The following Figure 4 shows that the two added targets are well
detected by the median method, wherex axis represents lattice andy axis represents the
distance inT8 between each lattice and the median of the window around it.
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FIGURE 2. Median spectra

lattice

fr
eq

ue
nc

y

 

 

20 40 60 80 100 120 140 160 180

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5
0

10

20

30

40

50

60

70

80

90

FIGURE 3. Mean spectra

ACKNOWLEDGMENTS

The authors would like to thank Thalès Air Systems for their financial supports. The first
author would like to thank Guillaume Bouyt and Nicolas Charon for their generosity of
providing basic simulation programs and many helpful discussions.

REFERENCES

1. M. Arnaudon, Espérances conditionnelles et C-martingales dans les variétés.Séminaire de Probabil-
ités-XXVIII. 300-311. Lecture Notes in Maths. 1583. Springer. Berlin. 1994

2. M. Arnaudon, Barycentres convexes et approximations desmartingales dans les variétés.Séminaire
de Probabilités-XXIX. 70-85. Lecture Notes in Maths. 1613. Springer. Berlin. 1995

3. M. Arnaudon and X. M. Li, Barycenters of measures transported by stochastic flows.Annals of
probability. vol 33. no. 4. 2005. pp 1509-1543.

4. W. Ballmann, Lectures on Kähler manifolds. ESI Lectures in Mathematics and Physics. European
Math. Soc., Zürich. 2006

5. F. Barbaresco, Innovative Tools for Radar Signal Processing Based on Cartan’s Geometry of SPD
Matrices and Information Geometry. IEEE International Radar Conference, 2008.

6. F. Barbaresco, Interactions between Symmetric Cone and Information Geometries, ETVC’08,
Springer Lecture Notes in Computer Science, vol.5416, pp. 124-163, 2009

7. F. Barbaresco and G. Bouyt, Espace Riemannien symĺętrique et géométrie des espaces de matrices de
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